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¥ Inflation & particle production

¥ ! − A µ coupling in axion-inflation

¥

Motivations for axion inflation
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¥ Sim plest source: scalar Þeld φ wit h ßat pot ent ial ∼ vacuum energy

¥ quant um m echanical δφ origin of inhom ogeneit ies

& st ruct ures in t he universe

B ardeen, Gut h, Hawking, K odam a, M ukhanov,

P i, Sasaki, St arobinsky, St einhardt , T urner, ...

¥ W e probe inßat ion from t he propert ies of t hese inhom ogeneit ies

quant um frozen
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Inßat ion is a post ulat ed era of accelerat ed expansion at t ! 1s t hat

solves m any problem s of big-bang cosm ology ( horizon, ßat ness, m onopole,....)

• CM B radiat ion em it t ed at L SS, when hydrogen com bined

• CM B polarizat ion from last scat t erings; could not be form ed lat er

W M AP7

Super-horizon densit y-polarizat ion

correlat ions on L SS

Causalit y preserved if earlier

period of accelerat ed

expansion " inßat ion

Gut h Õ81, L indeÕ82,

A lbrecht and St einhardt Õ82
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¥ CMB radiation emitted at LSS, when hydrogen combined

¥ CMB polarization from last scatterings; could not be formed later

WMAP7

Super-horizon density-polarization

correlations on LSS

Causality preserved if earlier

period of accelerated

expansion ≡ inflation

Guth ’81, Linde’82,

Albrecht and Steinhardt ’82

Hawking ’82; Starobinsky ’82; Guth and Pi

’82; Mukhanov ’85; Sasaki ’86

Inflation is a postulated era of accelerated expansion at t ! 1s that

solves many problems of big-bang cosmology (horizon, flatness, monopole,....)

Guth ’81, Linde’82,

Albrecht and Steinhardt ’82

¥ Simplest source: scalar field φ with flat potential " !

¥ δφ # inhomogeneities & structures in the universe

Bardeen, Guth, Hawking, Kodama, Mukhanov,

Pi, Sasaki, Starobinsky, Steinhardt, Turner, ...

¥ We probe inflation from the properties of these inhomogeneities

quantum frozen
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¥ W e probe inßat ion from t he propert ies of t hese inhom ogeneit ies

Sim plest m odels:

" nearly scale invariance P # kns$ 1 , ns % 1

" r =
gravit y waves

densit y inhom .
< 1

GW & scale of inßat ion

Several sat ellit e + balloon + ground

experim ent s wit h r <! 0.01 $ 0.05

¥ Simplest source: scalar field ! with flat potential ∼ vacuum energy

¥ quantum mechanical " ! origin of inhomogeneities

& structures in the universe

Bardeen, Guth, Hawking, Kodama, Mukhanov,
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¥ We probe inflation from the properties of these inhomogeneities

Simplest models:

→ nearly scale invariance P ∝ kns−1 , ns % 1

→ r =
gravity waves

density inhom.
< 1

GW ↔ scale of inflation

Several satellite + balloon + ground

experiments with r <∼ 0.01 − 0.05

Inflation is a postulated era of accelerated expansion at t ! 1s that

solves many problems of big-bang cosmology (horizon, flatness, monopole,....)

Guth ’81, Linde’82,

Albrecht and Steinhardt ’82

¥ Simplest source: scalar field φ with flat potential " !
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Where we stand

WMAP only

WMAP7 + BAO +H0 : ns = 0.973± 0.014 , r < 0.24 (95%CL)

WMAP7 + BAO + SN: r < 0.20 (95%CL)

Current / upcoming experiments with r <! 0.05 target

Satellite: Planck

Balloon: EBEX, PIPER, SPIDER

Ground: ABS, ACTpol, BICEP2 CLASS, Keck Array, POLAR

PolarBeaR, QUBIC, QUIET, QUIJOTE, SPTpol
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Non-gaussianit y

B art olo, K om at su, M at arrese, Riot t o Õ04

( since R ∼ 10−5,⇒ fNL ∼ 10 m eans nongaussianit y at 0.01% level )

Phenom enological param et rizat ion

R ( x) = R g ( x) +
3

5
f local

NL

!
R g ( x) 2 − 〈R g ( x) 2〉

"

K om at su, Spergel Õ00

Since local in space, called local non-gaussianit y

〈R k1 R k2 R k3 〉 = ( 2π) 3 δ( 3) ( k1 + k2 + k3) BR ( k1, k2, k3)

#
T ( x) T ( y) T ( z)

$

W M AP7 95% CL bounds

−10 < f local
NL < 74

−214 < fequil
NL < 266

−410 < fort h
NL < 6

WMAP7 95% CL bounds

! 10 < f local
NL < 74

! 214 < fequil
NL < 266

! 410 < forth
NL < 6

Non-gaussianity

!
T (x) T (y) T (z)

"

! ! k1 ! k1 ! k1 " = (2π)3 δ(3) (k1 + k2 + k3) B (k1, k2, k3)

Bi-spectrum

Characterized by: scale, shape, amplitude. Powerful discriminator

between #= models. Bartolo, Komatsu, Matarrese, Riotto ’04

• Local form:

Multiple fields (curvaton); enhanced for k1 $ k2 % k3

• Equilateral form:

maximal when k1 & k2 & k3

• Orthogonal form, flattened form .....

WMAP7 95% CL bounds

' 10 < f local
NL < 74

' 214 < fequil
NL < 266

' 410 < forth
NL < 6

Substantial improvement in near future from CMB (Planck) and LSS

Non-gaussianit y

!
! ( x) ! ( y) ! ( z)

"

! ! k1 ! k1 ! k1 " = ( 2" ) 3 ! ( 3) ( k1 + k2 + k3) B ( k1, k2, k3)

B i-spect rum

Charact erized by: scale, shape, am plit ude. Powerful discrim inat or

bet ween #= m odels. B art olo, K om at su, M at arrese, Riot t o Õ04

¥ L ocal form :

M ult iple Þelds ( curvat on) ; enhanced for k1 $ k2 % k3

¥ Equilat eral form :

m axim al when k1 & k2 & k3

¥ O rt hogonal form , ßat t ened form .....

W M AP7 95% CL bounds

' 10 < f local
NL < 74

' 214 < f equil
NL < 266

' 410 < f ort h
NL < 6

Subst ant ial im provem ent in near fut ure from CM B ( Planck) and L SS

Non-gaussianity

R ! 10" 5 # fNL ! 10 means nongaussianity at 0.01% level

Komatsu, Spergel ’00

Gaussian prediction for nonintercting inflaton All models at least

gravitational interaction. Nongaussianity is small (fNL! 0.05) for

single field slow roll inflation (potential extremely flat)

Models with multiple fields (multiple fields inflation, curvaton,

modulated perturbations) have isocurvature $ curvature pertur-

bations conversion outside horizon, where gradients are irrele-

vant. Predicted nongaussianity of the local type.

Inflaton with nonstandard kinetic term: k "
inflation

Salopek, Bond ’90

Maldacena ’02

R ∼ 10−5 ⇒ fNL ∼ 10 m eans nongaussianit y at 0.01% level

K om at su, Spergel Õ00

Gaussian predict ion for nonint erct ing inßat on A ll m odels at least

gravit at ional int eract ion. Nongaussianit y is sm all ( fNL∼0.05) for

single Þeld slow roll inßat ion ( pot ent ial ext rem ely ßat )

M odels wit h m ult iple Þelds ( m any Þelds in-
ßat ion,

Salopek, B ond Õ90

M aldacena Õ02

R ! 10" 5 # f N L ! 10 means nongaussianity at 0.01% level

Komatsu, Spergel ’00

Gaussian prediction for nonintercting inflaton All models at least

gravitational interaction. Nongaussianity is small (f N L ! 0.05) for

single field slow roll inflation (potential extremely flat)

Models with multiple fields (many fields in-

flation,

Salopek, Bond ’90

Maldacena ’02

Non-gaussianity

Noninteracting inflaton ! gaussianity. At least gravity. Tiny (" 10# 6)

non-gaussianity for single field slow roll inflation (flat potential)

R " 10# 5 $ f N L " 10 means nongaussianity at 0.01% level

Komatsu, Spergel ’00

Gaussian prediction for nonintercting inflaton All models at least

gravitational interaction. Nongaussianity is small (f N L " 0.05) for

single field slow roll inflation (potential extremely flat)

Models with multiple fields (multiple fields inflation, curvaton,

modulated perturbations) have isocurvature ! curvature pertur-

bations conversion outside horizon, where gradients are irrele-

vant. Predicted nongaussianity of the local type.

Inflaton with nonstandard kinetic term: k #
i nf lat i on

Salopek, Bond ’90

Maldacena ’02

Non-gaussianity

Noninteracting inflaton → gaussianity. At least gravity. Tiny (∼ 10−6)

non-gaussianity for single field slow roll inflation (flat potential)

R ∼ 10−5 ⇒ fNL ∼ 10 means nongaussianity at 0.01% level

Komatsu, Spergel ’00

Gaussian prediction for nonintercting inflaton All models at least

gravitational interaction. Nongaussianity is small (fNL∼0.05) for

single field slow roll inflation (potential extremely flat)

Models with multiple fields (multiple fields inflation, curvaton,

modulated perturbations) have isocurvature → curvature pertur-

bations conversion outside horizon, where gradients are irrele-

vant. Predicted nongaussianity of the local type.

Inflaton with nonstandard kinetic term: k −

inflation

Salopek, Bond ’90

Maldacena ’02

R ! 10" 5 # fNL ! 10 means nongaussianity at 0.01% level
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bations conversion outside horizon, where gradients are irrele-

vant. Predicted nongaussianity of the local type.

Gaussian prediction for nonintercting inflaton All models at least

gravitational interaction. Nongaussianity is small (f N L∼0.05) for

single field slow roll inflation (potential extremely flat)
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Since local in space, called local non-gaussianit y

( since R ∼ 10−5,⇒ fNL ∼ 10 m eans nongaussianit y at 0.01% level )

From * , and from scale invariant power spect rum ,

M odels wit h m ult iple Þelds ( m ult iple Þelds inßat ion, curvat on,

m odulat ed pert urbat ions) have isocurvat ure → curvat ure pert ur-

bat ions conversion out side horizon, where gradient s are irrele-

vant . Predict ed nongaussianit y of t he local t ype.
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From *, and from scale invariance
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Models with multiple fields (multiple fields inflation, curvaton,

modulated perturbations) have isocurvature " curvature pertur-

bations conversion outside horizon, where gradients are irrele-

vant. Predicted nongaussianity of the local type.

Gaussian prediction for nonintercting inflaton All models at least

gravitational interaction. Nongaussianity is small (f N L # 0.05) for

single field slow roll inflation (potential extremely flat)

Inflaton with nonstandard kinetic term: k $
i nf lat i on

Salopek, Bond ’90

Maldacena ’02

We have ordered the momenta such that x3 ≤ x2 ≤ 1. The triangle inequality implies x2+x3 > 1. In
the following we plot S(1, x2, x3) (see Figs. 29, 31, and 32). We use the normalization, S(1, 1, 1) ≡ 1.
To avoid showing equivalent configurations twice S(1, x2, x3) is set to zero outside the triangular
region 1 − x2 ≤ x3 ≤ x2. We see in Fig. 29 that the signal for the local shape is concentrated at
x3 ≈ 0, x2 ≈ 1, while the equilateral shape peaks at x2 ≈ x3 ≈ 1. Fig. 30 illustrates how the different
triangle shapes are distributed in the x2-x3 plane.
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Figure 29: 3D plots of the local and equilateral bispectra. The coordinates x2 and x3 are the
rescaled momenta k2/k1 and k3/k1, respectively. Momenta are order such that x3 <

x2 < 1 and satsify the triangle inequality x2 + x3 > 1.
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bations conversion outside horizon, where gradients are irrele-

vant. Predicted nongaussianity of the local type.

Gaussian prediction for nonintercting inflaton All models at least

gravitational interaction. Nongaussianity is small (f N L∼0.05) for

single field slow roll inflation (potential extremely flat)
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FIG. 3: Shapes of Non-Gaussianity. The shape function F (k1, k2, k3) forms a triangle in Fourier space. The triangles are parametrized by
rescaled Fourier modes, x2 = k2/k1 and x3 = k3/k1 . Figure from Ref. [43]

varies from fNL ∼ 0.1 where higher order derivatives are suppressed by a low UV cutoff [85] to fNL ∼ 100 based on Dirac-
Born-Infeld effective action. Ghost inflation, where during inflation, the background has a constant rate of change as opposed

to the constant background in conventional inflation, is also capable of giving fNL ∼ 100 [86]. The additional field models
generating inhomogeneities in non-thermal species [87] can generate fNL ∼ 5 [88]; while curvaton models, where isocurvature
perturbations in second field during the inflation generate adiabatic perturbations after the inflation, can have fNL ∼ 10 [89].
In the following we will see that non-Gaussianity, far from being merely a test of standard inflation, may reveal detailed

information about the state and physics of the very early Universe, if it is present at the level suggested by the theoretical

arguments above.

III. PRIMORDIAL NON-GAUSSIANITY

Large primordial non-Gaussianity can be generated if any of the following condition is violated [90]

¥ Single Field. Only one scalar field is responsible for driving the inflation and the quantum fluctuations in the same field is

responsible for generating the seed classical perturbations.

¥ Canonical Kinetic Energy. The kinetic energy of the field is such that the perturbations travel at the speed of light.

¥ Slow Roll. During inflation phase the field evolves much slowly than the Hubble time during inflation.

¥ Initial Vacuum State. The quantum field was in the Bunch-Davies vacuum state before the quantum fluctuation were

generated.

To characterize the non-Gaussianity one has to consider the higher order moments beyond two-point function, which contains

all the information for Gaussian perturbations. The 3-point function which is zero for Gaussian perturbations contains the infor-

mation about non-Gaussianity. The 3-point correlation function of Bardeen’s curvature perturbations, ! (k), can be simplified
using the translational symmetry to give

〈! (k1 )! (k2 )! (k3 )〉 = (2! )3" 3(k1 + k2 + k3 )fNL áF (k1, k2, k3). (17)

where F (k1, k2, k3) tells the shape of the bispectrum in momentum space while the amplitude of non-Gaussianity is captured
dimensionless non-linearity parameter fNL. The shape function F (k1, k2, k3) correlates fluctuations with three wave-vectors
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¥ Virtue of inflation: simplest models work !

Unobservable primordial non-gaussianity.

¥ Non-gaussianity ! inflaton interactions. φ not free: (i) gravity;

(ii) reheating; what if some interactions relevant during inflation ?

Eg. V = V (φ) + g2 (φ " φ0)
2 χ2

Chung, Kolb, Riotto, Tkachev ’99

Romano, Sasaki ’08

Barnaby, Huang, Kofman, Pogosyan ’09

Green, Horn, Senatore, Silverstein ’09

¥ During most of the evolution mχ # φ $ H

% χ can be integrated out

¥ Not so at φ = φ0; nonadiabatic mχ variation

% nχ (t0) = exp

!
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πk2

k2
&

"
, k& ' g |φ̇|
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V = V (φ) + g2 (φ ! φ0)
2 χ2

Two effects on inflaton (" metric) perturbations:

• Inflaton slowed down by the production at φ0 (back-
reaction)

• Rescattering of χ quanta into δφ

V = V ( ! ) + g2 ( ! ! ! 0) 2 " 2

T wo e! ect s on inßat on ( " m et ric) pert urbat ions:

¥ Inßat on slowed down by t he product ion at ! 0 ( back-
react ion)

¥ Rescat t ering of " quant a int o #!

V = V (φ) + g2 (φ ! φ0)
2 χ2

Two e! ects on inflaton (" metric) perturbations:

• Inflaton slowed down by the production at φ0 (backreaction)

• Rescattering of χ quanta into δφ

2

described by the mean-Þeld equat ion

¬! + 3H ú! + V,φ + g2(! ! ! 0)"" 2#= 0. (2)

The vacuum expectat ion value (VEV) "" 2# can be cal-
culated with the analyt ic machinery of part icle creat ion
with the coupling (1), which was developed in the theory
of preheat ing after inßat ion [15, 16]. The QFT of " part i-
cles interact ing with the t ime-depended condensate ! (t)
deals with the eigenmodes " k (t)ei"k ·"x , where the t ime-
dependent mode funct ion obeys an oscillator-like equa-
t ion in an expanding universe

¬" k + 3H ú" k +

[

#k2

a2 + g2(! (t) ! ! 0)2

]

" k = 0 , (3)

with t ime-dependent frequency $k (t). When ! (t) crosses
the value ! 0, the " k mode becomes massless and $k (t)
varies non-adiabat ically. Around this point (! (t) ! ! 0) $
ú! 0(t ! t0), where t = t0 is corresponding t ime instant .
With thisvery accurate[16] approximat ion, onecan solve
the equat ion (3) analyt ically to obtain the occupat ion
number of created " part icles

nk = exp
(

!
%k2

k2
#

)

, k2
# = g| ú! 0| , (4)

presuming that k# > H . The lat ter condit ion requires
coupling constant g > H 2/ | ú! 0| % 10−4. It is useful to
note that , independent of the details of V (! ) and ! (t),
the scale k# can be related to the naively est imated am-

plitude of vacuum ßuctuat ions as k#/ H =
√

g/ (2%P1/ 2
ζ ).

Thus k#/ H % 30 if P1/ 2
ζ = 5 & 10−5 as suggested by the

CMB and the coupling is g2 % 0.1.1

TheVEV "" 2#, which controls theback-react ion on the
homogeneous Þeld ! (t), can be calculated from (4) and

est imated as "" 2# =
∫

d3k
(2π)3 |" k |2 $

∫

d3k
(2π)3

n k

ωk
$ n ! a−3

g|φ−φ0|

for ! > ! 0. Subst itut ion of this results back into (2)
gives expected velocity dip of ! (t) and, correspondingly,
a bump in the power spectrum Pζ(k). In Fig. 1 we illus-
t rate this velocity dip for the model (1) with g2 = 0.1.

The calculat ion of curvature ßuctuat ions in the model
(1) was re-considered in [11], where the linearized equa-
t ions of mot ion for the quantum ßuctuat ions &! cou-
pled with the metric ßuctuat ions were treated again in
the mean-Þeld approximat ion, using "" 2# to quant ify the
back-react ion. This study shows that the bump in the
curvature power spectrum is the most prominent part of
an otherwise wiggling pat tern. Similar to us, the work

1 We are assuming that supersymmet ry protects the inßaton po-
tent ial from radiat ive correct ions at t = t0. An explicit realiza-
t ion of the type of coupling we are interested in, based on global
N = 1 supersymmet ry, has been provided in [17]. For st r ing
theory models the reader is referred to [10, 12, 14].
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FIG. 1: | ú! |/ (M p m) plot ted against mt for g2 = 0.1 (where
m = V,φφ is the e! ect ive inßaton mass). T ime t = 0 corre-
sponds to the moment when ! = ! 0 and " -part icles are pro-
duced copiously. The solid red line is the lat t ice Þeld theory
result taking into account the full dynamics of re-scat tering
and IR cascading while the dashed blue line is the result of a
mean Þeld theory t reatment which ignores re-scat tering [11].
The dot -dashed black line is the inßat ionary t rajectory in the
absence of part icle creat ion.

[12] further reÞned the calculat ion of the curvature per-
turbat ion in this model, going beyond the mean-Þeld
t reatment of ! .2

!
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FIG. 2: Re-scat tering diagram.

In a parallel development , scalar Þelds interact ions of
the type (1) are the subject of studies in non-equilibrium
QFT and its applicat ion to the theory of preheat ing af-
ter inßat ion, as we ment ioned above. Although we study
part icle product ion during inßat ion (as opposed to dur-
ing preheat ing, after inßat ion) there are many similari-
t ies. For example, in the case of parametric resonant pre-

2 Below we use QFT methods to study correlators of inhomoge-
neous ßuctuat ions ! " induced by #2 inhomogeneit ies. Ref. [12]
considers the e! ect induced by quantum mechanical ßuctuat ions
of the total part icle number nχ. Owing to the relat ionship be-
tween #2 and nχ, our calculat ions below capture this e! ect .

V = V (! ) + g2 (! − ! 0)
2 " 2

Two effects on inflaton (→ metric) perturbations:

• Inflaton slowed down by the production at ! 0

• Rescattering of " quanta into #!
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of the total part icle number nχ. Owing to the relat ionship be-
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Two effects on inflaton (→ metric) perturbations:

• Inflaton slowed down by the production at ! 0

• Rescattering of " quanta into #!

V = V ( φ) + g2 ( φ − φ0) 2 χ2

T wo e! ect s on inßat on (→ m et ric) pert urbat ions:

¥ Inßat on slowed down by t he product ion at φ0

¥ Rescat t ering of χ quant a int o δφ

B arnaby et al Õ09

5

FIG. 5: The dependence of the power spectrum Pφ on the
coupling g2. The three curves correspond to Pφ for g2 =
0.01, 0.1, 1, evaluated at a fixed value of the scale factor,
a = 2.20. We see that even for small values of g2 the in-
flaton modes induced by re-scattering constitute a significant
fraction of the usual vacuum fluctuations after only a single
e-folding.
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FIG. 6: Probability density function of δφ for g2 = 1 at a
series of different values of the scale factor, a. The dashed
curve shows a Gaussian fit at late time a = 6.2.

solut ion which, physically, corresponds to re-scat tered in-
ßaton perturbat ions. Since the process of IR cascading
takes less than a singlee-folding, wecan safely neglect the
expansion of the universe when studying analyt ically the
part icular solut ion of (5). (In all of our lat t icesimulat ions
the inßat ionary expansion of the universe is taken into
account consistent ly.) Solving for the part icular solut ion
δφk of (5) and deÞning the re-scat tered power spectrum
P! in terms of the QFT correlat ion funct ion in the usual
manner we arrive at an expression for P! in terms of the
c-number mode funct ions χk which obey equat ion (3).6

The result is

P! =
g4 úφ2

0

8π5

k3

! 2
k

∫

dt ′dt ′′t ′t ′′ sin [! k (t − t ′)] sin [! k (t − t ′′)]

×
∫

d3k′χk−k ! (t ′)χ"
k−k ! (t ′′)χk ! (t ′)χ"

k ! (t ′′) (6)

where again we have ! k =
√

k2 + m2 for the δφ-part icle
frequency.

To evaluate this power spectrum weneed an expression
for the solut ions of (3) in the regime of interest . Let us
choose the origin of t ime so that t = 0 corresponds to
the moment when φ = φ0. At the moment t = 0 the
parameter | úωk |/ ω2

k is order unity or larger and ωk varies
non-adiabat ically. At this point χk modes are produced
in the momentum band k <∼ k" . However, within a t ime
" t ∼ k−1

" (which is t iny compared to the Hubble t ime
H −1) the χ part icles become extremely heavy and their
frequency again varies adiabat ically. At t imes t >∼ k−1

"

we can safely approximate ωk =
√

k2 + k4
" t2 ∼= k2

" t for
the modes of interest and χk takes the simple form

χk (t) ∼=
√

1 + nk
e−i (k!t )2/ 2

k"
√

2t
− i

√
nk

e+ i (k!t )2/ 2

k"
√

2t
, (7)

where the occupat ion number was deÞned in (4). The
factors

√
1 + nk , −i

√
nk are the Bogoliubov coe# cients

while the factors proport ional to e± i (k!t )2/ 2 come from
the posit ive and negat ive frequency adiabat ic mode so-
lut ions [16]. As we see, very quickly after t = 0
the χ part icles become very massive and their mul-
t iple re-scat terings o$ the condensate φ(t) generates
Bremsstrahlung radiat ion of IR δφ part icles.

We have computed the full renormalized power spec-
t rum analyt ically in closed form and the result is pre-
sented in equat ion (A-17). This formula is used for all
of our Þgures. Since the exact analyt ical result is quite
cumbersome, it is useful to consider the following repre-

6 We are only interested in connected cont ribut ions to the correla-
t ion funct ions, which is equivalent to subt ract ing the expectat ion
value from the source term in (5): χ2 ! χ2 " #χ2$. T hus, our
re-scat tered inßaton modes are only sourced by the variat ion of
χ2 from the mean #χ2$.

Tiny e! ect on !̇

" ! produced from #

" ! from inflation

g2 = 1 g2 = 0.1 g2 = 0.01

Tiny e! ect on φ̇

δφ produced from χ

δφ from inflation

g2 = 1 g2 = 0.1 g2 = 0.01

T iny e! ect on úφ

δφ produced from χ

δφ f rom inßat ion

g2 = 1 g2 = 0.1 g2 = 0.01

V = V (φ) + g2 (φ ! φ0)
2 χ2

Two effects on inflaton (" metric) perturbations:

¥ Inflaton slowed down by the production at φ0

¥ Rescattering of χ quanta into δφ

g2 = 1 g2 = 0.1 g2 = 0.01

Barnaby et al ’09

g2 <# O
!
10! 2

"

V = V ( ! ) + g2 ( ! − ! 0) 2 " 2

T wo e! ect s on inßat on (→ m et ric) pert urbat ions:

• Inßat on slowed down by t he product ion at ! 0

• Rescat t ering of " quant a int o #!

g2 = 1 g2 = 0.1 g2 = 0.01

B arnaby et al Õ09

g2 <∼ O
(
10−2

)

for 10−7 <∼
k∗

M pc−1
<∼ 10−1
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T rapped inßat ion

Th e mo del

Linear potent ial for the inßaton

The shift symmetry can be broken in the presence of boundaries.

Consider a D5-brane wrapped on a two-cycle ! .

The DBI action

! T5

!
d6xe−!

"
det (Gind + B ind)

The shift a(x) " a(x) + const of a(x) =
#

" B2

stores some potential energy.

V (b) = T5

$
L 4 + a2 # T5a for large a

This generates the linear inflaton potential (and

breaks SUSY). COBE normalization and control

require to red-shift T5
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V =
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m2φ2 +

g2

2

∑
(φ ! φi)

2 χ2
i

T rapped inßat ion

Green, Horn, Senat ore, Silverst ein Õ09

V =
1

2
m2! 2 +

g2

2

∑
( ! ! ! i)

2 " 2
i

( m onodrom y)

Cont inuous product ion ( ! ! i sm all) :

• D am ping cont rols slow roll

• New source of #! at all scales

Est im at ed bounds:

Equilat eral NG
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Figure 3: Top: The allowed parameter window for the m2φ2 model. The red zonesare
forbidden by eq. (4.74); the blue zonesare forbidden by eq. (4.75) and by the constraint
(5.82) on the sizeof the non-Gaussianities,to be discussedin the next section. The dashed
line indicates the range of parameters for which φ/ MP ∼ 1, with super-Planckian Þeld
rangesabove and sub-Planckian rangesbelow. Bottom: Sameplot as above for a model
with potential equal to µ3φ. We do not give explicitly the constraints in the paper as they
are very similar to the onesfor the m2φ2 model.
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¥ St rong couplings + L oops → ßat ness ?

¥ Non-gaussianit y ↔ inßat on int eract ions. φ not f ree: ( i) gravit y;

( ii) reheat ing; m ake sure com pat ible wit h t he ßat ness of V ( φ)

B y it self , ßat ness st ringent requirem ent :

For exam ple ∆V =
λ

4
φ4 , λ # 10−13 . O r , for exam ple, even higher dim .

Planck − suppressed operat ors can spoil inßat on V = e
φ2

M2
p

(
DW 2 −

3W 2

M2
p

)

¥ Suggest s t o lim it φ couplings, t o lim it loops. Pessim ism for NG ?

Prot ect ßat ness wit h sym m et ry. Ex: Shif t sym m et ry for axion inßat on

Nam ely, single Þeld slow roll inßat on, wit h cont rollably ßat pot ent ial

for which coupling t o Òm at t erÓ provides large non-gaussianit y

¥ Strong couplings + Loops → flatness ?

¥ Non-gaussianity ↔ inflaton interactions. φ not free: (i) gravity;

(ii) reheating; make sure compatible with the flatness of V (φ)

! V =
λ

4
φ4 , λ ≤ 10−13

Planck− suppressed operators can spoil inflaton V = e
φ2

M 2
p

(
D W 2 −

3W 2

M 2
p

)

¥ Suggests to limit φ couplings, to limit loops. Pessimism for NG ?

Protect flatness with symmetry. Ex: Shift symmetry for axion inflaton

Namely, single field slow roll inflaton, with controllably flat potential

for which coupling to “matter” provides large non-gaussianity

!

" "

g g2 2

" "

!

!

!
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¥ Strong couplings + Loops → flatness ?

¥ Non-gaussianity ↔ inflaton interactions. ! not free: (i) gravity;

(ii) reheating; make sure compatible with the flatness of V (! )

! V =
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4
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¥ Suggests to limit ! couplings. Pessimism for NG ?

¥ Use symmetry. Ex: Shift symmetry for axion inflaton

Single field slow roll inflaton, with controllably flat potential

for which coupling to “matter” provides observable non-gaussianity

Barnaby, MP ’11
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QCD axion → Inflaton axion

Q CD axion → Inßat on axion

Q CD inst ant ons →

!
""#

""$

∆L = −g2

16! 2 " F ÷F

V = Λ4 [1 − cos" ]

Q CD axion → Inßat on axion

Q CD inst ant ons →















! L = −g2

16! 2 " F ÷F

V = " 4 [1 − cos" ]

L im it neut ron elect ric dipole

m om ent ⇒ " <
∼

10−10

QCD axion → Inflaton axion

QCD instantons →

!
""#

""$

∆L = −g2

16π2 θ F F̃

V = Λ4 [1 − cosθ]

Limit neutron electric dipole

moment ⇒ θ <
∼

10−10
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∆L = −g2

16π2 θ F F̃
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∼
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Axions are Ubiquitous in Particle Theory!

Pseudo-Nambu-Goldstone-Boson

Spontaneous breaking global U(1):
! = ve i ! /f .

U(1) x-form ! → e i " ! leads to shift
symmetry for angular variable:
! → ! + " f .

String Theory

Anti-symmetric 2-form: CMN

Contain axions on dim red: ci = 2#
∫

! i
C .

Generic CY may contain ∼ 105 axions!

Neil Barnaby (UMN) Axion Inßat ion Texas - March 2011 6 / 18

QCD axion ! Inflaton axion

QCD instantons !

!
""#

""$

∆L = " g2

16π2 θ F F̃

V = Λ4 [1 " cosθ]

Limit neutron electric dipole

moment # θ <$ 10" 10

Peccei, Quinn ’77: Chiral U(1) symmetry

spontaneously broken Φ = (f + ρ) eiφ/ f

anomalous

QCD axion ! Inflaton axion

QCD instantons !















! L = " g2

16! 2 " F F̃

V = " 4 [1 " cos" ]

Limit neutron electric dipole

moment # " <$ 10" 10

Peccei, Quinn ’77: Chiral U(1) symmetry

spontaneously broken # = (f + #) ei$/f

anomalous

Q CD axion → Inßat on axion

Q CD inst ant ons →

!
""#

""$

! L = −g2

16! 2 " F ÷F

V = " 4 [1 − cos" ]

L im it neut ron elect ric dipole

m om ent ⇒ " <
∼

10−10

Peccei, Q uinn Õ77: Chiral U( 1) sym m et ry

spont aneously broken # = (f + #) ei$/f

Sym m et ry is anom alous ⇒ " → " +
$

f
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FIG. 3: The potent ial height scale ! corresponding to
P 1/ 2

R = 10−5 is shown as a funct ion of the potent ial width
f for various numbers of e-foldingss N before the end of in-
ßat ion. The (light blue) band corresponds to the values of
N consistent with the standard post -inßat ion cosmology for
! RH > (1 GeV)4.

The spectral index for natural inßat ion is shown in Fig-
ure 4. For small f , ns is essent ially independent of
N , while for f >

∼ 2mPl, ns has essent ially no f depen-
dence. Analyt ical est imates can be obtained in these two
regimes:

ns ≈

!
1− m2

Pl

8! f2 , for f <
∼

3
4
mPl

1− 2
N , for f >

∼ 2mPl .
(12)

Previous analyses of COBE data, based in part on de-
terminat ions of this spectral index, have led to con-
st raints on the width of the natural inßat ion potent ial
of f >

∼ 0.3mPl [17] and f >
∼ 0.4mPl [18], while analysis of

WMAPÕs Þrst year data requires f >
∼ 0.6mPl [15]. Values

of f below these constraints would lead to ns < 0.9, re-
ducing ßuctuat ionsat small scalesand suppressing higher
order acoust ic peaks (relat ive to lower order peaks) to
a level inconsistent with the CMB data. The WMAP
3-year data yield ns = 0.951+0.015

−0.019 (ns = 0.987+0.019
−0.037

when tensor modes are included in the Þts) on the
k = 0.002Mpc−1 scale2. This WMAP3 result leads to
the somewhat t ighter constraint f >

∼ 0.7mPl at 95% C.L.

2 As discussed in Section IV, the running of the spectral index ns
in natural inflation is so small that the value of ns at the scale
of the WMAP3 measurements is virtually identical to its value
on the horizon scale.
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FIG. 4: The spect ral index ns is shown as a funct ion of the
potent ial width f for various numbers of e-foldingss N before
the end of inßat ion. The (light blue) band corresponds to
the values of N consistent with the standard post -inßat ion
cosmology for ! RH > (1 GeV)4.

B . Tensor (G r av i t at ional W ave) F luct uat ions

In addit ion to scalar (density) perturbat ions, inßat ion
also produces tensor (gravitat ional wave) perturbat ions
with amplitude

P 1/2
T (k) =

4H√
πmPl

. (13)

Here, we examine the tensor mode predict ions of natural
inßat ion and compare with WMAP data.

Convent ionally, the tensor amplitude is given in terms
of the tensor/ scalar rat io

r ≡
PT

PR
= 16ε , (14)

which is shown in Figure 5 for natural inßat ion. For
small f , r rapidly becomes negligible, while f → 8

N for
f & mPl. In all cases, r <

∼ 0.2, well below the WMAP
limit of r < 0.55 (95% C.L., no running).

As ment ioned in the int roduct ion, in principle, there
are four parameters describing scalar and tensor ßuctu-
at ions: the amplitude and spectra of both components,
with the lat ter characterized by the spectral indices ns

and nT (we are ignoring any running here). The am-
plitude of the scalar perturbat ions is normalized by the
height of the potent ial (the energy density ! 4). The ten-
sor spectral index nT is not an independent parameter
since it is related to the tensor/ scalar rat io r by the inßa-
t ionary consistency condit ion r = −8nT. The remaining
free parameters are the spectral index ns of the scalar
density ßuctuat ions, and the tensor amplitude (given by
r).
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which is shown in Figure 5 for natural inßat ion. For
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∼ 0.2, well below the WMAP
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Figure 1: Contour plot of the potential, for Λ1 = 1.5 Λ2 , f = g2 = 0.7 M p ,
g1 = 0.98 M p (giving f ! ! 3 M p ). See the main text for details.

3 Conclusions

We considered natural inflation with two axions (with two decay constants
f 1 and f 2) and two confining gauge groups. This allows us to circumvent a
serious problem of natural inflation coming from equation (3) and the poten-
tial importance of quantum gravitational effects. We conclude our discussion
by explaining that the present mechanism is not destroyed by such quantum
gravitational effects as long as f i < M P for all i .

The anomalous couplings to two nonabelian groups can be different, with
effective decay constants f 1! 1, f 1! 2, f 2! 3, and f 2! 4, where

Laxion coupling =
a1

f 1

!
(1/ ! 1)

32" 2
F1F̃1 +

(1/ ! 2)

32" 2
F2F̃2

"
+

+
a2

f 2

!
(1/ ! 3)

32" 2
F1F̃1 +

(1/ ! 4)

32" 2
F2F̃2

"
(12)

and F F̃ = 1
2 ! µ " #$ Fµ" F#$ . Note, however, that (1/ ! i ) are just the expressions

for the axion couplings to the anomaly (which are e.g. determined by the axial
charges of fermions), while the decay constants corresponding to the Goldstone
bosons are simply f 1 and f 2. Thus, the axionic couplings to matter are de-

termined by f 1 and f 2, namely ∼ (1/ f i )(#µ ai )J
(matter)i
µ . For the gravitational

effects, the decay constants are appearing in the form f i / M P , and hence for
f i # M P quantum gravitational effects are negligible in our scenario. The ef-

7

(in the last expression we have assumed ε ! η , which is appropriate as long
as φ is close to the maximum). Hence, the spectrum ÒreddensÓas f decreases.
The WMAP limit on the spectral index |ns " 1| <# 0.1 (as computed in [10])
t ranslates into the bound [11] 6

f ># 3Mp . (3)

It is legit imate to wonder whether such a high value is compat ible with an
effect ive Þeld theory descript ion [7, 12]. In part icular, it can be expected that
for high f quantum gravity effects will break the global axionic symmetry [13].
In that sense, equat ion (3) is the main stumbling block for natural inßat ion.
String theory realizat ions have further problems to accomodate a large f , as
emphasized in [7]. For instance, in the simplest version where the inßaton is
associated to the model independent axion of heterot ic st ring compact iÞcat ions,
the scale f is related to the value of the dilaton Þeld, and the required value of
f is in the strong coupling regime, where the supergravity descript ion breaks
down.

Some versions of inßat ion, as for instance the hybrid [2] or the assisted [14]
ones, makea nontrivial useof two or morescalar Þelds. Asweshow in thispaper,
the presence of two or more axions can also have interest ing consequences, and
it can result in a solut ion to the problems ment ioned above. More precisely, it is
possible to obtain some direct ions characerized by an effect ive axion scale which
is much larger than the ones of the original Þelds. To illust rate the general idea,
it is sufficient to consider two axionic Þelds θ , ρ (the extension to more Þelds is
t rivial), with a potent ial

V = Λ4
1

!
1 " cos

"
θ

f1
+

ρ

g1

# $
+ Λ4

2

!
1 " cos

"
θ

f2
+

ρ

g2

# $
(4)

It is easy to see that , when the condit ion

f1/g1 = f2/g2 (5)

is met , the same linear combinat ion of the two axions (denoted by ψ) appears
in both terms of (4). Hence, the orthogonal combinat ion ξ is a ßat direct ion
of V . In general, the lift ing of the potent ial along ξ is suppressed as long as
the condit ion (5) holds at an approximate level. In this case the Þeld ξ can be
a good inßaton candidate, even when the scales f1,2 , g1,2 are all smaller than
Mp . This is the main result of our paper. It allows us to circumvent the bound
in equat ion (3) and thus removes a severe problem of natural inßat ion.

The equality (5) can be accidental, or due to a symmetry between the mech-
anisms responsible for the breaking of the two shift symmetries θ $ θ+ C , ρ $
ρ+ C ! . In the second case, the ßat direct ion ξ will be lifted due to the breaking
of this symmetry, so that a small breaking will ensure that the ξ direct ion is
sufficient ly ßat .

6The amplitude of the fluctuations (! " /" ∼ 10! 5) does not set a further direct limit on f ,
since it also depends on the scale of the potential Λ . If the bound (3) is saturated, the correct
amplitude is obtained for Λ " 1015 GeV [11].
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Figure 1: Contour plot of the potential, for Λ1 = 1.5 Λ2 , f = g2 = 0.7 M p ,
g1 = 0.98 M p (giving f ! ! 3 M p ). See the main text for details.

3 Conclusions

We considered natural inflation with two axions (with two decay constants
f 1 and f 2) and two confining gauge groups. This allows us to circumvent a
serious problem of natural inflation coming from equation (3) and the poten-
tial importance of quantum gravitational effects. We conclude our discussion
by explaining that the present mechanism is not destroyed by such quantum
gravitational effects as long as f i < M P for all i .
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t ranslates into the bound [11] 6
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It is legit imate to wonder whether such a high value is compat ible with an
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for high f quantum gravity effects will break the global axionic symmetry [13].
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the scale f is related to the value of the dilaton Þeld, and the required value of
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Figure 1: Contour plot of the potential, for Λ1 = 1.5 Λ2 , f = g2 = 0.7 M p ,
g1 = 0.98 M p (giving f ! ! 3 M p ). See the main text for details.
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7

(in the last expression we have assumed ε ! η , which is appropriate as long
as φ is close to the maximum). Hence, the spectrum ÒreddensÓas f decreases.
The WMAP limit on the spectral index |ns " 1| <# 0.1 (as computed in [10])
t ranslates into the bound [11] 6

f ># 3Mp . (3)

It is legit imate to wonder whether such a high value is compat ible with an
effect ive Þeld theory descript ion [7, 12]. In part icular, it can be expected that
for high f quantum gravity effects will break the global axionic symmetry [13].
In that sense, equat ion (3) is the main stumbling block for natural inßat ion.
String theory realizat ions have further problems to accomodate a large f , as
emphasized in [7]. For instance, in the simplest version where the inßaton is
associated to the model independent axion of heterot ic st ring compact iÞcat ions,
the scale f is related to the value of the dilaton Þeld, and the required value of
f is in the strong coupling regime, where the supergravity descript ion breaks
down.

Some versions of inßat ion, as for instance the hybrid [2] or the assisted [14]
ones, makea nontrivial useof two or morescalar Þelds. Asweshow in thispaper,
the presence of two or more axions can also have interest ing consequences, and
it can result in a solut ion to the problems ment ioned above. More precisely, it is
possible to obtain some direct ions characerized by an effect ive axion scale which
is much larger than the ones of the original Þelds. To illust rate the general idea,
it is sufficient to consider two axionic Þelds θ , ρ (the extension to more Þelds is
t rivial), with a potent ial

V = Λ4
1

!
1 " cos

"
θ

f1
+

ρ

g1

# $
+ Λ4

2

!
1 " cos

"
θ

f2
+

ρ

g2

# $
(4)

It is easy to see that , when the condit ion

f1/g1 = f2/g2 (5)

is met , the same linear combinat ion of the two axions (denoted by ψ) appears
in both terms of (4). Hence, the orthogonal combinat ion ξ is a ßat direct ion
of V . In general, the lift ing of the potent ial along ξ is suppressed as long as
the condit ion (5) holds at an approximate level. In this case the Þeld ξ can be
a good inßaton candidate, even when the scales f1,2 , g1,2 are all smaller than
Mp . This is the main result of our paper. It allows us to circumvent the bound
in equat ion (3) and thus removes a severe problem of natural inßat ion.

The equality (5) can be accidental, or due to a symmetry between the mech-
anisms responsible for the breaking of the two shift symmetries θ $ θ+ C , ρ $
ρ+ C ! . In the second case, the ßat direct ion ξ will be lifted due to the breaking
of this symmetry, so that a small breaking will ensure that the ξ direct ion is
sufficient ly ßat .

6The amplitude of the fluctuations (! " /" ∼ 10! 5) does not set a further direct limit on f ,
since it also depends on the scale of the potential Λ . If the bound (3) is saturated, the correct
amplitude is obtained for Λ " 1015 GeV [11].
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Figure 1: Contour plot of the potential, for Λ1 = 1.5 Λ2 , f = g2 = 0.7 M p ,
g1 = 0.98 M p (giving f ! ! 3 M p ). See the main text for details.

3 Conclusions
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32" 2
F1F̃1 +
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Interaction Effects
Interaction b/w ϕ and A± induces 3 effects:

1 ϕ(0) → A + A, non-perturbative depletion ∝ úϕ(0)

=⇒ Exponential growth of A
2 A + A → δϕ, inverse decay

A

A

! "

=⇒ Significant contribution to δϕ!

3 δϕ → A + A, perturbative decay

! "

A

A

=⇒Important only AFTER inflation
(reheating)

Ryo Namba (UMN) Axion Inflation April 25, 2011 17 / 29

φ(0) + δφ , δA µ , gµν + δgµν
φ( 0) + δφ , δA µ , gµν + δgµν

¥ Above t rilinear vert ex is

∝
α

f

! (0) + " ! , " Aµ , gµ# + " gµ#

¥ Above trilinear vertex is

∝
$

f

! (0) + " ! , " Aµ , gµ# + " gµ#

• Above trilinear vertex is

!
$
f

Ignore gravitational interactions

!
1

Mp

for
$

f
"

1

Mp

• In " gij,scalar=0 gauge, at leading order in slow roll

[
%2

& + 2H%& # $ 2 +

(
a2m2 #

3 !
%2

M2
p

)]
" ! =

$

f
a2 'E · 'B

• Curvature pert. on uniform density hypersurfaces ( = # H
!̇ (0) " !

φ(0) + δφ , δAµ , gµν + δgµν

• Above trilinear vertex is

∝
α

f

Ignore gravitational interactions

∝
1

Mp

for
α

f
"

1

Mp

• In δgij,scalar=0 gauge, at leading order in slow roll

[
∂2

τ + 2H∂τ −∇2 +

(
a2m2 −

3φ
′2

M2
p

)]
δφ =

α

f
a2 'E · 'B

• Curvature pert. on uniform density hypersurfaces ζ = − H
φ̇(0) δφ
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• A product ion from φ kinet ic energy. Result ing frict ion can be so

st rong as t o facilit at e φ slow roll. Anber, Sorbo Õ09

• W e im pose negligible backreact ion of A on background dynam ics

δ¬φ + 3 H δ úφ !
#" 2

a2 δφ + m2δφ =
α

f
F µν ÷Fµν

( W e veriÞed t hat disregarding δgµν is legit im at e for α
f # 1

M p
)

δφ = δφvacuum + δφinv.decay

St andard vacuum solut ion

Inverse decay

φ( 0) + δφ , δA µ , gµν + δgµν

¥ A bove t rilinear vert ex is

∝
α

f

. O t her δ3 int eract ions

∝
1

M p

Consist ent t o disregard t he lat t er for
α

f
"

1
M p

¥ In δgi j ,scalar= 0 gauge, at leading order in slow roll
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¥ Curvat ure pert . on uniform densit y hypersurfaces ζ = − H
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scaling in (4.12) and define a “shape function” of the form

S(ki ) = N (k1k2k3)
2Bζ(ki ) (4.13)

where the constant of proportionality, N , is arbitrary. This shape function coincides with

the quantity that was plotted in many previous works, including [47] for example. For the

case of interest, we have

S (ξ; x2, x3) ≡
1 + x3

2 + x3
3

x2 x3

f 3 (ξ; x2, x3)

3 f 3 (ξ; 1, 1)
(4.14)

which is normalized so that S(1, 1) = 1. Note that the bispectrum is defined only in the

region x2 + x3 ≥ 1, which follows from the triangle inequality. Moreover, the bispectrum

is symmetric under interchange of any two momenta, and therefore we can restrict to the

region x3 ≤ x2 ≤ 1 to avoid considering the same configuration more than once.

We plot the shape function S(x2, x3) from axion inflation in the left panel of Fig. 6.

The bispectrum in this model depends on the parameter ξ. In practice, however, we find

that only the size of the nongaussianity (quantified by f equil
N L ) depends strongly on ξ. The

shape function S(x2, x3), on the other hand, is very mildly dependent on ξ. In Fig. 6

we work in the ξ → ∞ limit, in which case the shape becomes independent of model

parameters. (This can be seen by using the large argument expansion (3.18) of I in the

expression (3.29) for f 3.) For ξ ∼ O(1) this figure would be nearly indistinguishable.
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F igure 6: In the left panel we plot the shape function S (x2, x3) in axion inflation, showing that
this peaks on equilateral triangles. We work in the limit ξ → ∞, however, this Figure would be
nearly indistinguishable had we chosen ξ = O(1). In the right panel, for comparison, we plot the
analogous shape function obtained from the standard equilateral template.

From Fig. 6 we see that the bispectrum from axion inflation peaks on equilateral

triangles (corresponding to x2 = x3 = 1) and is thus qualitatively similar to the so-called

equilateral template which is often employed to analyze CMB data [48, 39]
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Backreaction: gauge production from inflaton kinetic energy.
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Figure 3: Values of ! C corresponding to detectable tensor modes by Advanced LIGO, as
a function of the total number of efoldings of inflation from the time COBE scales left the
horizon. The shaded area on the top left corner corresponds to the region where backreaction
cannot be neglected and our analysis cannot be trusted. The shaded area on the top part of
the plot corresponds to the region where LSS nongaussianities are too large to be consistent
with observations. The shaded area at the bottom corresponds to the region where the
amplitude of tensor modes is below the Advanced LIGO detection threshold. Finally, the
thinner dotted line corresponds to the lower limit of portion of parameter space accessible
to an instrument such as the Einstein Telescope.

We can now discuss the detectability of the tensor modes (45) by gravitational interfer-
ometers. To fix ideas we will focus on Advanced LIGO, which will start taking data in the
next few years.

Advanced LIGO is expected to be able to detect ΩGW h2 = 10! 9 at a frequency of about
100 Hz. The white area in figure 3 corresponds to the region of parameter space where
primordial tensor modes might be detected by Advanced LIGO without contradicting the
constraints described above. Detection would be possible for values of ! C of the order of
2, corresponding to f ! 1017 GeV. The shaded area in the upper-left corner of the figure
corresponds to a region of the parameter space where backreaction of the electromagnetic
modes on the inflating background cannot be neglected, and an analysis similar to that
of [32] is needed. While such an analysis is beyond the scope of the present work, it is worth
stressing that that region cannot be excluded by existing data and might lead to detectable
tensor modes.

An instrument such as the Einstein Telescope [7] would be a factor " 102 more sensitive
in energy than Advanced LIGO while working at the same frequencies. The thin dotted line
in figure 3 delimits the region of parameter space that would lead to a detection of tensors
by such an instrument.

Space-based interferometers like LISA, which are sensitive to much lower frequencies,
will not be able to detect the tensors (45). Indeed, LISA scales are too close to cosmological
scales and the evolution of ! during inflation is not sufficient to overcome the constraints
from nongaussianities.

We also note that the gravitational waves produced this way will be chiral [19] and
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scaling in (4.12) and define a “shape function” of the form

S(ki) = N(k1k2k3)
2Bζ(ki) (4.13)

where the constant of proportionality, N , is arbitrary. This shape function coincides with

the quantity that was plotted in many previous works, including [47] for example. For the

case of interest, we have

S (! ;x2, x3) ≡
1 + x3

2 + x3
3

x2 x3

f3 (! ; x2, x3)

3 f3 (! ; 1, 1)
(4.14)

which is normalized so that S(1, 1) = 1. Note that the bispectrum is defined only in the

region x2 + x3 ≥ 1, which follows from the triangle inequality. Moreover, the bispectrum

is symmetric under interchange of any two momenta, and therefore we can restrict to the

region x3 ≤ x2 ≤ 1 to avoid considering the same configuration more than once.

We plot the shape function S(x2, x3) from axion inflation in the left panel of Fig. 6.

The bispectrum in this model depends on the parameter ! . In practice, however, we find

that only the size of the nongaussianity (quantified by fequil
NL ) depends strongly on ! . The

shape function S(x2, x3), on the other hand, is very mildly dependent on ! . In Fig. 6

we work in the ! → ∞ limit, in which case the shape becomes independent of model

parameters. (This can be seen by using the large argument expansion (3.18) of I in the

expression (3.29) for f3.) For ! ∼ O(1) this figure would be nearly indistinguishable.
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Figure 6: In the left panel we plot the shape function S (x2, x3) in axion inflation, showing that
this peaks on equilateral triangles. We work in the limit ! → ∞, however, this Figure would be
nearly indistinguishable had we chosen ! = O(1). In the right panel, for comparison, we plot the
analogous shape function obtained from the standard equilateral template.

From Fig. 6 we see that the bispectrum from axion inflation peaks on equilateral

triangles (corresponding to x2 = x3 = 1) and is thus qualitatively similar to the so-called

equilateral template which is often employed to analyze CMB data [48, 39]

Bequil(ki) ∝ − 1

k3
1k

3
2
− 1

k3
1k

3
3
− 1

k3
2k3

3
− 2

k2
1k2

2k
2
3

+
1

k1k2
2k

3
3

+ (5 perms) (4.15)
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