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I. Introduction

The higher order perturbation theory in general relativity
has very wide physical motivation.

- Cosmological perturbation theory
e Expansion law of inhomogeneous universe
(ACDM v.s. inhomogeneous cosmology)
e Non-Gaussianity in CMB (beyond WMAP)

— Black hole perturbations
e Radiation reaction effects due to the gravitational wave emission.

e Close limit approximation of black hole - black hole collision
(Gleiser, et al. (1996))

- Perturbation of a star (Neutron star)
e Rotation - pulsation coupling (Kojima 1997)

There are many physical situations to which higher order
perturbation theory should be applied.




However, general relativistic perturbation theory
requires very delicate treatments of “gauges”.

It is worthwhile to formulate the
higher-order gauge-invariant perturbation
theory from general point of view.

According to this motivation, we have been formulating the general
relativistic second-order perturbatlon theory in a gauge-invariant
manner.

— General framework:
e Framework of higher-order gauge-invariant perturbations:
« K.N. PTP110 (2003), 723; ibid. 113 (2005), 413.
e Construction of gauge-invariant variables for the linear order metric perturbation:

- K.N. CQG28 (2011), 122001; 1105.4007[gr-qc].
- Apphcatlon to cosmological perturbation theory :

Einstein equations :
e K.N. PRDZ4 (2006), 101301R; PTP117 (2007), 17.
e Equations of motion for matter fields:
e K.N. PRD80 (2009), 124021.
e Consistency of the 2" order Einstein equations :
e K.N. PTP121 (2009), 1321.
e Summary of current status of this formulation:
e K.N. Adv. in Astron. 2010 (2010), 576273.
e Comparison with a different formulation:
e A.J. Christopherson, K. Malik, D.R. Matravers, and K.N. arXiv:1101.3525 [astro—ph.COI?’




Our general framework of the second-order gauge
invariant perturbation theory is based on a single
assumption.

metric perturbation : metric on PS : gab , metric on BGS : gab

1
metric expansion : Gab = Jab + €hap + §€2lab +O0(€%)

O linear order (assumption, decomposition hypothesis) :

Suppose that the linear order perturbation h,p is decomposed as
| ha,b — ,Ha,b + £Xgab I

so that the variable Hap and X ¢ are the gauge invariant and the
gauge variant parts of h,p , respectively.
These variables are transformed as
yHap — xHap = X4 — x X =&7
under the gauge transformation b, =X"1o..

O In cosmological perturbations, this is almost correct and we
may choose H,; as (longitudinal gauge, J. Bardeen (1980))

(1) 5 (1) 1) 5 (1)
'H,,m —92a? O %zn—a V; , ?'[ —2a° U +a” Xij, |4




Problems in the decomposition hypothesis

e Even in cosmological perturbations, ..... | |
- Background metric :  gab = a*(n) (—(dn)a(dn)s + vij(dz")a(dz’ ))

%ij : metric on maximally symmetric 3-space

— Zero-mode problem : | . ‘
hab — hvm(dn)a(dn)b + th(d?’]) (a (dLCZ)b) + hij (d:cz)a(d:vj)b

e = DJL(VL) + h(V)i, Dih( )- =0,
hij = a’hryij + a*hryi, h(T) v h(ryij = 0,
1
hiryi; = (Dz’Dj — 3%'3'A> hrr + 2Dghervy;) + herryij,
Dih(Tv)i = 0, Dzh(TT)ZJ = O, Dz’)/w = 0, A = DILDZ

e This decomposition is based on the existence of Green functions

A_lr (A -+ QK)_ll (A + SK)_I K curvature constant associated with )3
e In our formulation, we ignored the modes (zero modes) which belong to
the kernel of the operators A ,(A 4+ 2K),(A 4 3K).

e How to include these zero modes into our consideration?

e On general background spacetime, --> Generality problem :
- Is the decomposition hypothesis | gp = Hap + L x gap| also

correct in general background spacetime? 5




e In this talk, .....

- We show an outline of a proof of this generality problem
using ADM decomposition.



V. Summary

e In this talk, .....

— We show an outline of the proof of this generality problem
using ADM decomposition.

e In our proof, we assumed the existence of Green functions of two
derivative operators

A = DzDZ’ Fi=A— % (DZOJ — ﬂ]Kz]) l)Z — 2D7’ {; (Dza — ,BjKij)},

and the existence and the uniqueness of the solution to the equation

2 - 2 ~ 1
DjkAk + D™ [aij {]—"_le (aMklAl — O Ay — BkAk> H = L;, Kij =K — ;%‘K-

. 2 .
A:=D'D;, D;':=qA+ (1— E) D;D'+ R} R;' : Ricci curvature on ¥ |

---> The zero-mode problem is more delicate in general case!!

We may say that the decomposition hypothesis

Lhap = Hap + £x 900 |

is almost correct for the linear metric perturbation
on general background spacetime.




I1. “"Gauge” in general relativity

(R.K. Sachs (1964).)

There are two kinds of "gauge” in general relativity.

— The concepts of these two “gauge” are closely related to the
general covariance.

— “General covariance” :
There is no preferred coordinate system in nature.

O The first kind “gauge” is a coordinate system on a
single spacetime manifold.

O The second kind “gauge” appears in the perturbation
theory.

This is a point identification between the physical
spacetime and the background spacetime.

— To explain this second kind “gauge”, we have to remind
what we are doing in perturbation theory.




I1I. The second kind gauge in GR. Physical spacetime (PS)
(Stewart and Walker, PRSL A341 (1974), 49.)£, M.

“Gauge degree of freedom” in

general relativistic perturbations
arises due to general covariance.

O In any perturbation theories, we
always treat two spacetimes :
— Physical Spacetime (PS); |
- Background Spacetime (BGS). Background spacetime (BGS)

O In perturbation theories, we always write equations like

Q(“p”) = Qo(p) + IQ(p)

Through this equation, we always identify the points
on these two spacetimes and this identification is called
“gauge choice” in perturbation theory.




Gauge transformation rules of each order

O Expansion of gauge choices :
We assume that each gauge choice is an exponential map.

Qv =X1Q=Q+eLuQ + 5@ £3Q + O()
Qv = V:Q=Q+c£,Q+ 1 L3Q +O()

* ]_
q):Q — (Xe_l O ye) Q — Q —|— €£§1Q —|— 562 (£§2 —|— £§1) Q —|— 0(63)
(Sonego and Bruni, CMP, 193 (1998), 209.)
"""" > & =u—v, & =|u,v]

1
O Expansion of the variable : @ = Qo +eQ1 + 5@2 + O(€%)
O Order by order gauge transformation rules :
yQ1 — xQ1 = L&, Qo
Q2 — xQ2 = 2L, Q1 + (Le, + fé) Qo

Through these understanding of gauges
and the gauge-transformation rules,
we developed second-order gauge-invariant perturbation theor\}.O




ITI. Construction of gauge invariant variables in
higher order perturbations

metric perturbation : metric on PS : gab , metric on BGS : Gab

1
metric expansion : Gab = Gab + €hap + §€zlab T 0(63)

Our general framework of the second-order gauge invariant
perturbation theory WAS based on a single assumption.

O linear order (decomposition hypothesis) :

Suppose that the linear order perturbation h,p is decomposed as
| "hat = Hab + £ xGab i

so that the variable Hgap and X® are the gauge invariant and the
gauge variant parts of h,p , respectively.
These variables are transformed as
yHab — xHap =0 y X4 — 2 X% =¢&7
under the gauge transformation ¢, = Xe_l o).

11




Second order :

Once we accept the above assumption for the linear order metric
perturbation h,; , we can always decompose the second order
metric perturbations [, as follows :

| lab =t Lap + 2L xhap + (£2 — £%) b |

where L,; is gauge invariant part and / , is gauge variant part.
Under the gauge transformation ¢, = ,)('6_1 o ), , the vector field Z,

is transformed as yZa’ _ XZ“ — .gg' -+ [fl,X]a

12




O Perturbations of an arbitrary matter field Q :

Using gauge variant part of the metric perturbation of each

order, gauge invariant variables for an arbitrary tensor fields
Q other than metric are defined by

O First order perturbation of Q :
Q1 := Q1 — £xQo
O Second order perturbation of Q :

Qo :=Q2 —2£xQ1 — {£7 — £%} Qo

These implies that each order perturbation of an arbitrary
field is always decomposed as

Q1 =91+ LxQo
Q2 =02 +2£LxQ1+ {£7 — £%} Qo

: gauge invariant part

[ ]: gauge variant part



II1I. Construction of gauge invariant variables
in higher-order perturbations

metric perturbation : metric on PS : gab , metric on BGS : gab

1
metric expansion : Gab = Gab + €hap + §€2lab T 0(63)

Our general framework of the second-order gauge invariant
perturbation theory WAS based on a single assumption.

O linear order (decomposition hypothesis) :

Suppose that the linear order perturbation h,p is decomposed as
| "hat = Hab + £ xGab i

so that the variable Hgap and X® are the gauge invariant and the
gauge variant parts of h,p , respectively.
These variables are transformed as
yHab — xHap =0 y X4 — 2 X% =¢&7
under the gauge transformation ¢, = Xe_l o).

This decomposition hypothesis is an important premise
of our general framework of higher-order gauge-invariant
perturbation theory. 14




IV. Construction of gauge-invariant variables for

linear metric perturbations on general background
spacetime

(K.N. CQG28 (2011), 122001; 1105.4007[gr-qc].)
metric perturbation : metric on PS : gab , metric on BGS : Gab
_ 1
metric expansion : Jab = Jab + €hap + §€2lab + O_(EB)
ADM decomposition of BGS : Mo=Rx %, dim(X)=n
gab = —a*(dt)a(dt)s + qij(dz’ + B'dt)o(de? + Bdt)y sign(gi) = (+:-- 5 +).
Gauge-transformation for the linear metric perturbation hgp

; 7 o =& (dt)a + &i(da')a , | |
Yitab — Xtab — ggab hab = htt(dt)a(dt)b + 2hti (dt) (a(da:z)b) + hij (d:c”)a(dmj)b.

yhe — xhy = |20:6 1 % (i + B'Dija — BB Ky;) & extrinsi; curvature:
—3 (/Biﬁkﬁijj — B'0a + ' 8, B; K, = ¢" Ky,
+a2Dia — af*Dig), — Biﬁjpja) £, covariant derivative:
yhti — xhei = |0&i + Di&i|- % (Dso — B Kij) & — %Mi IEy, Digjr =0
yhij — xhij = |2DuéHH %Kijft — gﬁsz’j&ka
M7 = —a?K + BIB*Ky; — B Do+ aDif. 15




Through the similar logic to the simple case a = 1, ,Bi = 0 in the paper
[K.N. CQG28 (2011),122001.], we can derive the following decomposition :

hii = Dihwry +hyi — % (Dia — B K;5) {hvry — A" D*0hirvyn} — %Mi "Rervks
hij = %q?ljh(L) + h(r)ij + %Kij {hevry — AT D*Oihirvy} — %ﬂkKijh(TV)ka
hiryi; = Dihrvy; + Dihrvy — %Qileh(TV)i + h(TT)ij5
D'hgvyi = 0, ¢7herr)ij =0, D'hirry; =0.

The inverse relations of these decompositions are guaranteed by the
existence of Green functions of elliptic derivative operators

A:=D'D;, F:=A- 2 (Dia — B/ K;;) D' — 2D L (Diar — 5sz'j)l ;

and the existence and the ﬁniqueness of the integro-differential quation

for a vector field A,

2 - 2 - 1
D, * A+ D™ [EK"”' {f—lpk (aMklAl — O Ay, — BkAk) H =L, Kiji=Kij — —q; K.

i 2 .
A:=D'D;, D;':=qA+ (1 - E) D;D'+ R}’ R;' : Ricci curvature on 3,



We can derive gauge-transformation rules for variables as

9 _ o
yhit — xhee = 20:§ — - (O + B'Dja — B B°Kij) &

9 | | . - |
— ( BiB*BI Ky — Bidha + aq?d,8; + a?Dia

—ap*D'B, — B4 Dja ) &,

vhwvro —xhwvr = &+ A~ DFo.¢y,
vhoyi — xhovyi = Oi&i — DiATIDFO,
vhay — xhy = 2D,
yhrvyi — xhavyy = &,
yhrri; — xhari; = 0.

Gauge-variant variables : yXi —xX: =&, »Xi—xXi =&

Xi = hwr) — AT D 0hrvie,  Xi = hrvy




Gauge-invariant variables :

—2® = htt — 28tXt + a (8t05 + /BZDq;Od — ,8‘?,82.[{”) Xt

—|—a (ﬂzﬂkBJKkj — ['Ora + aq” 0,5 + o’ Dia — aBF DB, — ﬁZBJ"Djoz) X;,

—2n¥ = h(L) — QI)z)(z — h(L) — 2Dih(TV),5,
vi = hwy — Ohrvy + DiA_leath(TV)ka
Xij = haij-

D'v; =0, ¢“"xi; =0, D'xi; =0, Xij = Xjs-

Definitions of gauge-invariant and gauge-variant parts :

Haop := —QCI)(d’n)a(d??)b + QI/i(dn)(a(d:L’i)b) + (—Q\inj + Xij) (daji)(a(dfljj)b),
Xg = Xy (dn)a + Xi(dx"),.

In terms of these variables, the original components hy, hy, and h; of
the linear metric perturbation h,, are summarized in the covariant form :

hap = Hap + £ x9ab




V. Summary

e In this talk, .....

— We show an outline of the proof of this generality problem
using ADM decomposition.

e In our proof, we assumed the existence of Green functions of two
derivative operators

A = DzDZ’ Fi=A— % (DzOé —ﬁjKij) l)Z — QDZ {; (DzOJ — ﬁjKij)},

and the existence and the uniqueness of the solution to the equation

2 - 2 ~ 1
DjkAk + D™ [aij {]—"_le (aMklAl — O Ay — BkAk> H = L;, Kij =K — ;%‘K-

. 2 o
A:=D'D;, D;':=qA+ (1 - E) D;D'+ R} R;' : Ricci curvature on 3

---> The zero-mode problem is more delicate in general case!!

We may say that the decomposition hypothesis

Lhap = Hap + £x 900 |

is almost correct for the linear metric perturbation
on general background spacetime.
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