
Sec$on 6. 
Low mass stars and white dwarfs 

6.1 Evolu$on of low mass stars 

6.2 White dwarfs



MESA code 
h>p://mesa.sourceforge.net/index.html

http://mesa.sourceforge.net/index.html


1 Msun (ρ-T)



1 Msun (HR diagram)





20 Msun (ρ-T)



20 Msun (HR diagram)





Contrac$on of the core   
= Expansion of the envelope

Shell burning => energy genera$on  
                               (more than required to support the envelope )
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Figure 21. Comparisons of the sound speed profiles within the sun. The red
solid line shows the relative difference in the sound speed between MESA star
predictions and the inferred sound speed profile from helioseismic data (taken
from Bahcall et al. 1998). The green-dashed and blue-dotted lines show the same
for the standard solar models of Bahcall et al. (1998, BBP98) and Serenelli et al.
(2009, S09), respectively.
(A color version of this figure is available in the online journal.)

Figure 22. Top: MESA star H-R diagram for 2–10 M⊙ models from the PMS
to the end of the first thermal pulse (2–7 M⊙) or into C-burning (8 and 10 M⊙).
Bottom: trajectories of the central conditions. The filled red points show the
ZAMS.
(A color version of this figure is available in the online journal.)

He-shell flash convection zone we use f = 0.008 (Herwig
2005).

In both codes we use the mass-loss formula of Blöcker (1995,
see Section 6.6). Thermal pulses start at a slightly lower core

Figure 23. 2 M⊙, Z = 0.01 tracks up to the first thermal pulse from EVOL
(solid black line) and MESA star (thick gray line) in the H-R diagram.

mass, and hence luminosity, in the EVOL model. In order to
maintain similar envelope mass evolution through the TP-AGB,
the parameter ηBl in the mass-loss formula was set to 0.05 in
MESA star and 0.1 in EVOL. Every effort has been made to
tailor the MESA star model to the EVOL model. However,
the AGB evolution is very sensitive to the initial core mass,
which depends on the mixing assumptions and their numerical
implementation during the preceding He-core burning phase.
Consequently, small differences on the TP-AGB are unavoidable
when comparing tracks from two codes.

As shown in Figure 23, the EVOL and MESA star tracks
compare well in the H-R diagram. Table 11 shows that key
properties differ by less than 5%. MESA star has the ability
to impose a minimum size on convection zones below which
overshoot mixing is ignored. EVOL does not have such limits,
leading to more mixing of He into the core and, hence, the ≈ 4%
larger age of the EVOL sequence at the first thermal pulse.

The TP-AGB is characterized by recurrent thermonuclear
instabilities of the He-shell, leading to complex mixing and
nucleosynthesis. These processes are properly represented in
MESA star calculations, as revealed in Figure 24. The ability
of MESA star to calculate the evolution of stellar parameters
in a smooth and continuous manner even during the advanced
thermal pulse phases and beyond is demonstrated in Figure 25.
The top panel shows the evolution in the H-R diagram, whereas
the bottom panel shows the evolution of the conditions in the
C/O core. The adiabatic cooling in the C/O core that occurs
during the He flash (due to the pressure dropping at the surface
of the C/O core) is evident in the downturns that are parallel
to the line of constant degeneracy (which is also the adiabatic
slope). The overall trend of increasing ρc reflects the growing
C/O core mass, which for this model is shown in the top panel
of Figure 24.

An example of the evolution of convection zones, shell
burning, and total luminosities as well as core boundaries for two
subsequent thermal pulses is shown in Figure 26 as a function
of model number; compare to Figure 3 in Herwig (2005).
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Figure 29. Top: H-R diagram for 10–100 M⊙ models from the PMS to the end of
core Helium burning for Z = 0.02 but with zero mass loss. Bottom: trajectories
of the central conditions in the T –ρ plane over this same evolutionary period.
(A color version of this figure is available in the online journal.)

et al. (2001), Nugis & Lamers (2000), and Nieuwenhuijzen &
de Jager (1990), as described in Section 6.6. These massive
star models are non-rotating, use no semi-convection, employ a
mixing length parameter of αMLT = 1.6, and adopt f = 0.01 for
exponential diffusive overshoot (see Section 5.2) for convective
regions that are either burning hydrogen or are not burning.

Most of this section consists of comparisons to results from
other stellar evolution codes. However, for consistency (and
completeness), we show in Figure 29 the H-R diagram and
central condition evolution of 10–100 M⊙ stars from the PMS
to the end of core helium burning. Though these are stars with
Z = 0.02, we turned off mass loss during this calculation so
that the plot would be easier to read and of some pedagogical
use. The tendency of Tc to scale with ρ

1/3
c (also a constant

radiation entropy) during these stages of evolution is expected
from hydrostatic balance with only a mildly changing mean
molecular weight. The rest of the calculations in this section
included mass loss as described above.

7.3.1. 25 M⊙ Model Comparisons

Figure 30 shows the Tc–ρc evolution in Mi = 25 M⊙ solar
metallicity models from MESA star, KEPLER (A. Heger 2010,
private communication), Hirschi et al. (2004), and FRANEC
(Limongi & Chieffi 2006) from helium burning until iron-
core collapse. The curves fall below the Tc ∝ ρ

1/3
c scaling

relation as the mean molecular weight increases due to the
subsequent burning stages. The curves are also punctuated with
non-monotonic behavior when nuclear fuels are first ignited
in shells. Figure 30 shows that MESA star produces core
evolutionary tracks consistent with other pre-supernova efforts.
The bump in the MESA star curve around carbon burning is

Figure 30. Evolution of the central temperature and central density in solar
metallicity Mi = 25 M⊙ models from different stellar evolution codes. The
locations of core helium, carbon, neon, oxygen, and silicon burning are labeled,
as is the relation Tc ∝ ρ

1/3
c .

(A color version of this figure is available in the online journal.)

Figure 31. Mass fraction profiles of the inner 2.5 M⊙ of the solar metallicity
Mi = 25 M⊙ model at the onset of core collapse. The reaction network
includes links between 54Fe, 56Cr, neutrons, and protons to model aspects of
photodisintegration and neutronization.
(A color version of this figure is available in the online journal.)

due to the development of central convection whereas the other
codes do not (although see Figure 2 of Limongi et al. 2000).
The development of a convective core during carbon burning
depends on the carbon abundance left over from core helium
burning (Limongi et al. 2000).

The mass fraction profiles of the inner 2.5 M⊙ of this
Mi = 25 M⊙ model are shown in Figure 31 at the onset of core
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Massive stars 
(un$l He-burning)

Core contrac$on  
=> Expansion of the envelope 
=> Red super giant



Contrac$on of the core   
= Expansion of the envelope

Evolu&on in the rho-T plane is determined  
by the proper&es of the core 
T ~ M2/3 ρ1/3     
M decreases => Lower part of the ρ-T plane



textbook by Pols

de
ge

ne
ra

te
 e

lec
tro

ns

relativistic electrons

Figure 12.5. Evolution of central temperature and density of 15M⊙ and 25M⊙ stars at Z = 0.02 through all
nuclear burning stages up to iron-core collapse. The dashed line indicated where electrons become degenerate,
and the dash-dotted line shows where electrons become relativistic (ϵe ≈ mec2). The dotted line and arrow in-
dicates the trend Tc ∝ ρc1/3 that is expected from homologous contraction. Non-monotonic (non-homologous)
behaviour is seen whenever nuclear fuels are ignited and a convective core is formed. Figure adapted from
Woosley, Heger & Weaver (2002, Rev.Mod. Ph. 74, 1015).

12.3.1 Evolution with significant neutrino losses

In Sect. 6.5 we discussed several weak interaction processes that result in spontaneous neutrino emis-
sion at high temperatures and densities, such as photo-neutrinos, plasma-neutrinos and pair annihila-
tion neutrinos. When the central temperature exceeds ∼ 5 × 108 K, these neutrino losses are the most
important energy leak from the stellar centre, taking away energy much more rapidly than photon
diffusion or even convection can transport it to the surface. From this point onwards the neutrino
luminosity from the core far exceeds the luminosity radiated from surface, Lν ≫ L.

The dependence of the nuclear energy generation rate ϵnuc and the neutrino loss rate ϵν on temper-
ature are depicted in Fig. 12.6, for the centre of a typical massive star (i.e. following an evolution track
approximating those shown in Fig. 12.5). Both ϵν and ϵnuc increase strongly with temperature, but the
T -dependence of ϵnuc is larger than that of ϵν. During nuclear burning cycles energy production and
neutrino cooling are in balance, ϵnuc = ϵν, and this condition (the intersection of the two lines) defines
the temperature at which burning takes place.1

During each nuclear burning phase, Lnuc = Ėnuc ≈ Lν, which thus results in a much shorter
nuclear timescale than if neutrino losses were absent: τnuc = Enuc/Lν ≪ Enuc/L. Similarly, in
between burning cycles the rate of core contraction (on the thermal timescale) speeds up: Ėgr ≈ Lν
so that τth = Egr/Lν ≪ Egr/L. Therefore the evolution of the core speeds up enormously, at an
accelerating rate as the core continues to contract and heat up. The lifetime of each nuclear burning
stage can be estimated from Fig. 12.6 by approximating τnuc ∼ q/ϵnuc, where q is the energy gain per
unit mass from nuclear burning (∼ 4.0, 1.1, 5.0 and 1.9 × 1017 erg/g for C-, Ne-, O- and Si-burning,

1Note that because ϵnuc is a steeper function of T than ϵν, nuclear burning is stable also in the presence of neutrino losses:
a small perturbation δT > 0 would increase the local heat content (ϵnuc > ϵν), leading to expansion and cooling of the core
until thermal equilibrium is re-established.
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Massive stars 
（un$l Si burning）

Finally degeneracy pressure  
becomes important



What about lower mass stars? 

What is the minimum mass of the stars? 

What is the fate of low mass stars?
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Sirius B  
白色矮星

Sirius A  
(シリウス)

hLps://kids.yahoo.co.jp/zukan/astro/winter/0001.html



Cat’s eye nebula 
 (J.P. Harrington and K.J. Borkowski, and NASA)



Helix nebula  
(NASA, ESA, and C.R. O'Dell)
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FIG. 2.ÈObservational support for the white dwarf mass-radius rela-
tion after Hipparcos, showing revised positions for the visual binaries and
including results from the common proper-motion systems.

presents the revised visual binary positions, asFigure 2
well as the results for the CPM pairs. These objects test the
mass-radius relation using the absolute minimum of physi-
cal assumptions. The physics underlying this Ðgure is
KeplerÏs third law, the gravitational redshift, and some
general assumptions regarding the ability of model atmo-
spheres to predict a value of the emergent Ñux There areHj.a considerably greater number of data points than present-
ed in although many of the additions are some-Figure 1,
what uncertain. The important binaries, Sirius B, Procyon
B, and 40 Eri B, are plotted with improved accuracy. Figure

repeats but also includes the Ðeld white dwarfs3 Figure 2,
from In addition to the physics underlyingTable 6. Figure

broadening theory must be included in the underlying2,
assumptions for Figure 3.

Our Ðrst conclusion is that the mass-radius relation is
now more Ðrmly supported on observational grounds. For
readers who like high-precision data points, Sirius B and 40
Eri B Ðt the theoretical relation quite precisely. For readers
who enjoy an abundance of data points, more thanFigure 3
quadruples the number of observed points, the majority of
which lie between 1 and 2 p from the Wood models. We
discuss the discrepant points below.

FIG. 3.ÈObservational support for the white dwarf mass-radius rela-
tion, showing the positions of the visual binaries, common proper-motion
systems, and Ðeld white dwarfs. The Ðeld white dwarf masses were derived
using published surface gravity measurements and radii based on Hip-
parcos parallaxes.

4.1. Tentative Suggestions of Iron-rich Cores
Procyon B, EG 50, and GD 140 (labeled in all lieFig. 3)

signiÐcantly below the mass-radius relation for the expected
carbon interior composition of white dwarfs. While the plot
on the mass-radius relation may disguise the robust charac-
ter of our result, a close look at and Figures andTable 7 3 4
shows the source of our suggestion that at least two of these
three stars have iron-rich cores.

The masses predicted by the zero-temperature carbon-
core mass-radius relation for GD 140 and EG 50, using the
radii from are considerable larger than the massesTable 6,
we observe, with 4 and 7 p deviations GD 140 is a(Fig. 3).
well-studied white dwarf with ample spectroscopic(BSL)
evidence suggesting that it is massive. EG 50 is a more
mysterious case. While at a similar temperature to GD 140,
a comparison of the optical spectra presented in showsBSL
that GD 140Ïs Balmer lines are wider and shallower than
EG 50Ïs, arguing that GD 140 is more massive. Our radii
from combined with published values of log g,Table 6,
result in masses of 0.50 ^ 0.02 for EG 50, andM

_0.79^ 0.02 for GD 140, further supporting this com-M
_parison. Ðnds higher spectroscopic masses, assuming aBSL

carbon core and log He \ [4 mass-radius relation, of 0.66
and 0.90^ 0.03 for EG 50 and GD 140, respectively.M

_Our radii, combined with this same mass-radius relation,
imply even higher masses of B0.8 (EG 50) and B0.95M

_(GD 140)M
_

(Fig. 4).
In essence, both EG 50 and GD 140 have radii that are

signiÐcantly smaller than predicted by their observed
masses, assuming the carbon-core mass-radius relation. The
only way we can see of explaining the observations is by
assume an iron, or an iron-rich, core composition. It is then
possible to Ðt the observed radii, masses, and surface gravi-
ties consistently. It is conceivable that GD 140 harbors a
core heavier than carbon. If, however, EG 50 is really a
garden variety white dwarf with an average mass, we Ðnd it
difficult to explain an iron core with current theories of
white dwarf formation.

We discuss the problematic situation of Procyon B
separately et al. Even though our dis-(Provencal 1997).
cussion does not incorporate the Hipparcos parallax, we

FIG. 4.ÈPredicted masses for our white dwarf sample based on the
model used. The top panel uses models with thick [log q(H)\ [4] surface
layers, and the second has log q(H)\ 0. The solid lines are white dwarf
cooling curves at constant mass, beginning at 0.4 and increasing byM

_10ths sequentially downward. The error bars mark the 1 p error positions
for our observed points.

Provencal et al. 1998

Mass-radius rela$on for white dwarfs

R ~ M-0.3



More massive white dwarfs are smaller 
Opposite to the main sequence stars

Why??



Summary: Low mass stars and white dwarfs

• Low mass stars 

• Maximum temperature to reach 

• M < 0.08 Msun: cannot reach H burning => brown dwarfs 

• White dwarfs 

• Supported by electron degeneracy pressure 
=> Stellar equa&ons become independent on temperature 

• More massive stars have smaller radius  
R ~ M-1/3  (non-rela&vis&c) 

• Limit of rela&vis&c electrons 
M = constant (Chandrasekhar limit) ~ 1.4 Msun


