
Sec$on 2. 
Stellar structure and proper$es (I)

2.1 Hydrosta$c equilibrium 

2.2 Nuclear burning



Let’s understand these ques$ons  
with the words of physics

• Why are stars so luminous? 

• Why do stars show L ~ M4? 

• Why do stars evolve? 

• Why does the des9ny of stars depend on the mass? 

• Why do some stars explode? 

• Why don’t normal star explode? 

• Why does stellar core collapses? 

• Why is the energy of supernova so huge? 

• …



Our sun

H

He

JAXA/ISAS

Nuclear  
burning

L = 4 x 1033 erg/s =  4 x 1026 J/s (W)
Electronic power consump$on in Japan 
1.5 x 1019 J / year 
==> Japanese power consump$on for 2 x 107 yr 
        = solar radia$on in 1 second



Energy source: E = mc2
水素

水素原子核 4つ　＞　ヘリウム原子核
0.7％重い

1.007 kg の水素　➡　1kg のヘリウム

E ＝ mc2 ＝ 0.007 kg × （3×108 m/s）2

＝ 6×1014 ジュール

ヘリウム0.7% heavier

4 x mp mα

Q1: How much energy is released for one nucleon? (核子あたり) 
E = Δmc2 

Q2: How much energy does the Sun can produce? 
  (assume 10% of solar mass can be used for nuclear burning)

Solar mass：2 x 1033 g

Q3: How many years the sun can keep shining?

1 yr ~ 3 x 107 secL = 4 x 1033 erg/s



Binding energy of nuclei

Eb = [NmN + Zmp - mi] c2

Higher binding energy  
= strongly “bound” 
= more stable  
= “lighter”

Fe is the most stable nucleus

P + n Nuclei



What is going on at the center of the star? 
How does nuclear burning occurs?



Nuclear burning 
Coulomb barrier E ~ (Z1Z2e2)/r ~ 106 eV (MeV) 
Typical energy of the gas E ~ kT ~ 103 eV (keV) <= 107 K

Textbook by Pols

=> Tunnel effects

Nuclear structure effects on the cross-section

A typical thermonuclear reaction proceeds as follows. After penetrating the Coulomb barrier, the
two nuclei can from an unstable, excited compound nucleus which after a short time decays into the
product particles, e.g.

X + a→ C∗ → Y + b .

Although the lifetime of the compound nucleus C∗ is very short, it is much longer than the crossing
time of the nucleus at the speed of light (∼ 10−21 s). Therefore by the time it decays, the compound
nucleus has no ‘memory’ of how it was formed, and the decay depends only on the energy.

The decay can proceed via different channels, e.g. C∗ → X + a, → Y1 + b1, → Y2 + b2, . . . , →
C + γ. In the first case the original particles are reproduced, the last case is a decay to a stable energy
level of C with γ-emission. In the other cases the particles b1, b2, etc. may be protons, neutrons
or α-particles. (Reactions involving electron and neutrino emission do not proceed via a compound
intermediate state, since the necessary β-decays would be prohibitively slow.) In order for a certain
energy level of C∗ to decay via a certain channel, the conservations laws of energy, momentum,
angular momentum and nuclear symmetries must be fulfilled. The outgoing particles obtain a certain
kinetic energy, which – with the exception of neutrinos that escape without interaction – is quickly
thermalised, i.e. shared among the other gas particles owing to the short photon and particle mean
free paths in the stellar gas.

The energy levels of the compound nucleus play a crucial role in determining the reaction cross-
section, see Fig. 6.2. Let Emin be the minimum energy required to remove a nucleon from the ground
state of C to infinity, analogous to the ionization energy of an atom. Energy levels below Emin corre-
spond to bound states in an atom; these can only decay by γ-emission which is relatively improbable.
These ‘stationary’ energy levels have long lifetimes τ and correspondingly small widths Γ, since
according to Heisenberg’s uncertainty relation

Γ =
!

τ
. (6.16)
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Figure 6.2. Schematic depiction of the combined nuclear and Coulomb po-
tential, shown as a thick line. The potential is dominated by Coulomb repul-
sion at distances r > rn, and by nuclear attraction for r < rn. An incoming
particle with kinetic energy E at infinity can classically approach to a distance
rc. The horizontal lines for 0 < r < rn indicate energy levels in the compound
nucleus formed during the reaction. The ground state is at energy −Emin; the
quasi-stationary levels with E > 0 are broadened due to their very short life-
times. If the incoming particles have energy E′ corresponding to such a level
they can find a resonance in the compound nucleus (see text).
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Condi$on of H-burning

Lecture Note by Pols 
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Figure 8.3. The same schematic evolution tracks as
in Fig. 8.2, together with the approximate regions in
the log Tc – log ρc plane where nuclear burning stages
occur.

by He-burning reactions. This can go on for a length of time equal to the nuclear timescale of He
burning, which is about 0.1 times that of H burning. In stars with a He core mass < 0.3 M! the core
becomes degenerate before reaching Tc = 108 K, and in the absence of a surrounding envelope it
would cool to become a white dwarf composed of helium, as suggested by Fig. 8.3. (In practice,
however, H-burning in a shell around the core keeps the core hot and when Mc has grown to ≈ 0.5 M!
He ignites in a degenerate flash.)

After the exhaustion of He in the core, the core again resumes its contraction on a thermal
timescale, until the next fuel can be ignited. Following a similar line of reasoning the minimum
(core) mass for C-burning, which requires T ≈ 5 × 108 K, is ≈ 1.1 M!. Less massive cores are
destined to never ignite carbon but to become degenerate and cool as CO white dwarfs. The mini-
mum core mass required for the next stage, Ne-burning, turns out to be ≈ MCh. Stars that develop
cores with Mc > MCh therefore also undergo all subsequent nuclear burning stages (Ne-, O- and Si-
burning) because they never become degenerate and continue to contract and heat after each burning
phase. Eventually they develop a core consisting of Fe, from which no further nuclear energy can be
squeezed. The Fe core must collapse in a cataclysmic event (a supernova or a gamma-ray burst) and
become a neutron star or black hole.

The alternation of gravitational contraction and nuclear burning stages is summarized in Table 8.1,
together with the corresponding minimum masses and characteristic temperatures and energies. The
schematic picture presented in Fig. 8.3 of the evolution of stars of different masses in the T–ρ diagram
can be compared to Fig. 8.4, which shows the results of detailed calculations for various masses.

To summarize, we have obtained the following picture. Nuclear burning cycles can be seen as long-
lived but temporary interruptions of the inexorable contraction of a star (or at least its core) under
the influence of gravity. This contraction is dictated by the virial theorem, and a result of the fact
that stars are hot and lose energy by radiation. If the core mass is less than the Chandrasekhar mass,
then the contraction can eventually be stopped (after one or more nuclear cycles) when electron
degeneracy supplies the pressure needed to withstand gravity. However if the core mass exceeds
the Chandrasekhar mass, then degeneracy pressure is not enough and contraction, interrupted by
nuclear burning cycles, must continue at least until nuclear densities are reached.
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Mass - radius rela$on for the main sequence

R ~ M0.7
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Figure 1.3. Mass-luminosity (left) and mass-radius (right) relations for components of double-lined eclipsing
binaries with accurately measured M, R and L.

1.2 Stellar populations

Stars in the Galaxy are divided into different populations:

• Population I: stars in the galactic disk, in spiral arms and in (relatively young) open clusters.
These stars have ages ∼< 109 yr and are relatively metal-rich (Z ∼ 0.5 − 1Z#)

• Population II: stars in the galactic halo and in globular clusters, with ages ∼ 1010 yr. These stars
are observed to be metal-poor (Z ∼ 0.01 − 0.1Z#).

An intermediate population (with intermediate ages and metallicities) is also seen in the disk of the
Galaxy. Together they provide evidence for the chemical evolution of the Galaxy: the abundance
of heavy elements (Z) apparently increases with time. This is the result of chemical enrichment by
subsequent stellar generations.

The study of chemical evolution has led to the hypothesis of a ‘Population III’ consisting of the
first generation of stars formed after the Big Bang, containing only hydrogen and helium and no
heavier elements (‘metal-free’, Z = 0). No metal-free stars have ever been observed, probably due to
the fact that they were massive and had short lifetimes and quickly enriched the Universe with metals.
However, a quest for finding their remnants has turned up many very metal-poor stars in the halo,
with the current record-holder having an iron abundance XFe = 4 × 10−6XFe,#.

1.3 Basic assumptions

We wish to build a theory of stellar evolution to explain the observational constraints highlighted
above. In order to do so we must make some basic assumptions:

• stars are considered to be isolated in space, so that their structure and evolution depend only on
intrinsic properties (mass and composition). For most single stars in the Galaxy this condition
is satisfied to a high degree (compare for instance the radius of the Sun with the distance to its
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Outcome of  
the central property 
of the star

Contamina$on of 
evolved stars



Summary: Stellar structure and proper$es (I)

• Energy source of the stars 

• Nuclear burning 

• E = mc2 

• Stellar structure 

• Hydrosta$c Equilibrium 

• Central temperature of the stars T ~ 107 K 

• Require tunnel effects for nuclear burning 

• Stellar proper$es 

• Almost constant central T => R ~ M 

• Observed mass-radius rela$on (R ~ M0.7)



Appendix



Virial theorem  
(galaxy clusters)
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Virial theorem  
(galaxies)
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Figure 1. M•–σ relation for our full sample of 72 galaxies listed in Table 3 and at http://blackhole.berkeley.edu. Brightest cluster galaxies (BCGs) that are also the
central galaxies of their clusters are plotted in green, other elliptical and S0 galaxies are plotted in red, and late-type spiral galaxies are plotted in blue. NGC 1316 is
the most luminous galaxy in the Fornax cluster, but it lies at the cluster outskirts; the green symbol here labels the central galaxy NGC 1399. M87 lies near the center
of the Virgo cluster, whereas NGC 4472 (M49) lies ∼1 Mpc to the south. The black hole masses are measured using the dynamics of masers (triangles), stars (stars), or
gas (circles). Error bars indicate 68% confidence intervals. For most of the maser galaxies, the error bars in M• are smaller than the plotted symbol. The black dotted line
shows the best-fitting power law for the entire sample: log10(M•/M") = 8.32+5.64 log10(σ/200 km s−1). When early-type and late-type galaxies are fit separately, the
resulting power laws are log10(M•/M") = 8.39+5.20 log10(σ/200 km s−1) for the early type (red dashed line), and log10(M•/ M") = 8.07+5.06 log10(σ/200 km s−1)
for the late type (blue dot-dashed line). The plotted values of σ are derived using kinematic data over the radii rinf < r < reff .
(A color version of this figure is available in the online journal.)

(L), and stellar bulge mass (Mbulge). As reported below, our new
compilation results in a significantly steeper power law for the
M•–σ relation than in G09 and the recent investigation by B12,
who combined the previous sample of 49 black holes from G09
with a larger sample of upper limits on M• from Beifiori et al.
(2009). We still find a steeper power law than G09 or B12 when
we include these upper limits in our fit to the M•–σ relation.
We have performed a quadratic fit to M•(σ ) and find a marginal
amount of upward curvature, similar to previous investigations
(Wyithe 2006a, 2006b; G09).

Another important measurable quantity is the intrinsic or
cosmic scatter in M• for fixed galaxy properties. Quantifying the
scatter in M• is useful for identifying the tightest correlations
from which to predict M• and for testing different scenarios of
galaxy and black hole growth. In particular, models of stochastic
black hole and galaxy growth via hierarchical merging predict
decreasing scatter in M• as galaxy mass increases (e.g., Peng
2007; Jahnke & Macciò 2011). Previous empirical studies of
the black hole scaling relations have estimated the intrinsic
scatter in M• as a single value for the entire sample. Herein,
we take advantage of our larger sample to estimate the scatter
as a function of σ , L, and Mbulge.

In Section 2 we summarize our updated compilation of 72
black hole mass measurements and 35 bulge masses from dy-
namical studies. In Section 3 we present fits to the M•–σ , M•–L,
and M•–Mbulge relations and highlight subsamples that yield in-
teresting variations in the best-fit power laws. In particular, we
examine different cuts in σ , L, and Mbulge, as well as cuts based
on galaxies’ morphologies and surface brightness profiles. In
Section 4 we discuss the scatter in M• and its dependence on
σ , L, and Mbulge. In Section 5 we discuss how our analysis of
galaxy subsamples may be beneficial for various applications of
the black hole scaling relations.

Our full sample of black hole masses and galaxy properties is
available online at http://blackhole.berkeley.edu. This database
will be updated as new results are published. Investigators are
encouraged to use this online database and inform us of updates.

2. AN UPDATED BLACK HOLE AND GALAXY SAMPLE

Our full sample of 72 black hole masses and their host
galaxy properties are listed in Table 3, which appears at the
end of this paper. The corresponding M• versus σ , L, and Mbulge
are plotted in Figures 1–3. This sample is an update of our
previous compilation of 67 dynamical black hole measurements,
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[N i] !5200 emission. Even when this line is not clearly visi-
ble in the spectra, the fits often reveal a slight excess in the
galaxy spectra near 5200 Å relative to the broadened tem-
plates. For our final fits, we excluded the range 5150–5210 Å
from the calculation of "2.

The difficulty of fitting the Mg i b profile is a consequence
of the correlation between Mg i b line strength and #
(Terlevich et al. 1981; Dressler et al. 1987). More specifi-
cally, since the ratio [Mg/Fe] in elliptical galaxies is corre-
lated with velocity dispersion (Worthey, Faber, & Gonzalez
1992; Trager et al. 1998; Kuntschner et al. 2001), galaxies
with high # will have stronger Mg i b absorption relative to
the surrounding Fe lines, in comparison with typical nearby
giant stars used as velocity templates. Our template stars
were chosen based on their spectral type and magnitude,
without regard to metallicity, and most have slightly sub-
solar to slightly above-solar [Fe/H]. The fits shown in
Figure 2 demonstrate that with these template stars, it is not
possible to achieve a good fit to both theMg i b lines and the
surrounding region (dominated by Fe blends) for galaxies
of high #.

As a comparison, we attempted to perform fits using the
Mg i b lines alone, over the range 5150–5190 Å. However,
since the Mg lines cover such a small wavelength range, the
fits were very poorly constrained, even after both the multi-
plicative polynomial and the featureless continuum were
restricted to zeroth order (i.e., both flat in f!). Consequently,
no useful results could be obtained from fitting models only
to theMg i b lines.

In principle, the [Mg/Fe] mismatch problem could also
be alleviated to some extent by observing template stars
having a range of supersolar metallicities. However, it
would be difficult to find an exact stellar match to the
[Mg/Fe] ratio of any given galaxy spectrum, and it would

be very time-consuming to observe a grid of template stars
with a range in both spectral type andmetallicity.

We also note that both the Mg i b and the Ca triplet lines
are intrinsically strong features that are subject to pressure
broadening. The widths of these lines in a galaxy spectrum
are due to a composite population of stars with a range of
surface gravities and therefore a range in intrinsic line
widths. For galaxies with very small velocity dispersions, or
for objects such as young super–star clusters, it might be
preferable to measure velocity dispersions only from regions
containing weaker, intrinsically narrow lines, such as the
region just redward of Mg i b (see, e.g., Ho & Filippenko
1996).

3.3. Tests of theMeasurement Routine

We performed tests to determine whether the measure-
ment routine would yield correct results on a galaxy of
known velocity dispersion, including some degree of tem-
plate mismatch. To perform the tests, we began with a
composite template spectrum made by combining a K2 III
star, a G2 V star, and a featureless continuum. The weights
were chosen so that the total flux in the composite spectrum
was 40%K2 III, 40%G2 V, and 20% featureless continuum.
The spectrum was then broadened by convolution with
Gaussians having # ¼ 50 300 km s"1, and its spectral shape
was adjusted by multiplication by a fourth-order Legendre
polynomial. The polynomial coefficients were restricted so
that the continuum flux at any wavelength was modified by
less than 5%. Finally, Poisson noise was added to the broad-
ened spectrum to give an S/N of 120 per pixel. The velocity
dispersions were measured using the same techniques
described above and the same set of template spectra. For
the blue side, the simulated data were created using spectra
observed with the 1200 line grating.

For both the blue and red sides, the measurement routine
is very successful at recovering the correct velocity disper-
sion over the entire range of 50–300 km s"1. In all cases, the
measured dispersion is within 6 km s"1 of the input disper-
sion. The red-side measurements are systematically closer to
the input dispersion than the blue-side results are, however:
the rms disagreement between the measured and input
velocity dispersions is 3.0 km s"1 for the red side and 4.4 km
s"1 for the blue side. This is not by any means a complete
test of the method; a full examination would require testing
the measurement routine as a function of velocity disper-
sion, S/N, and degree of template mismatch for both the
red and blue spectral regions. Nevertheless, it does demon-
strate the accuracy of the method for a somewhat simplified
input model. As expected, the results were less accurate for
velocity dispersions smaller than the instrumental disper-
sion. On the blue side, for an input model with #in ¼ 25 km
s"1, the measurement routine gave # ¼ 34# 5 km s"1. The
red side, with an instrumental dispersion of 25 km s"1,
returned # ¼ 25# 3 km s"1 for an input dispersion of 25 km
s"1, but for input dispersions ofd15 km s"1 it was not able
to yield useful results.

We investigated one other aspect of the measurement
routine, the order of the multiplicative polynomial used to
adjust the template’s continuum shape to match the galaxy.
Our final measurements were performed using a quadratic
polynomial on both the red and blue sides. Figure 3 demon-
strates how these results change if a fourth-order polyno-
mial is used. The red-side results are nearly unchanged.

Fig. 2.—Same as Fig. 1, but for the blue side (5040–5430 Å). The Mg i b
triplet and [N i] !5200 regions (dotted line) are excluded from the fit.

2610 BARTH, HO, & SARGENT Vol. 124
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Central temperature of stars
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Figure 1.3. Mass-luminosity (left) and mass-radius (right) relations for components of double-lined eclipsing
binaries with accurately measured M, R and L.

1.2 Stellar populations

Stars in the Galaxy are divided into different populations:

• Population I: stars in the galactic disk, in spiral arms and in (relatively young) open clusters.
These stars have ages ∼< 109 yr and are relatively metal-rich (Z ∼ 0.5 − 1Z#)

• Population II: stars in the galactic halo and in globular clusters, with ages ∼ 1010 yr. These stars
are observed to be metal-poor (Z ∼ 0.01 − 0.1Z#).

An intermediate population (with intermediate ages and metallicities) is also seen in the disk of the
Galaxy. Together they provide evidence for the chemical evolution of the Galaxy: the abundance
of heavy elements (Z) apparently increases with time. This is the result of chemical enrichment by
subsequent stellar generations.

The study of chemical evolution has led to the hypothesis of a ‘Population III’ consisting of the
first generation of stars formed after the Big Bang, containing only hydrogen and helium and no
heavier elements (‘metal-free’, Z = 0). No metal-free stars have ever been observed, probably due to
the fact that they were massive and had short lifetimes and quickly enriched the Universe with metals.
However, a quest for finding their remnants has turned up many very metal-poor stars in the halo,
with the current record-holder having an iron abundance XFe = 4 × 10−6XFe,#.

1.3 Basic assumptions

We wish to build a theory of stellar evolution to explain the observational constraints highlighted
above. In order to do so we must make some basic assumptions:

• stars are considered to be isolated in space, so that their structure and evolution depend only on
intrinsic properties (mass and composition). For most single stars in the Galaxy this condition
is satisfied to a high degree (compare for instance the radius of the Sun with the distance to its
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Mass - luminosity rela$on of the main sequence stars

L ~ M4

Star with M = 10 Msun 
=> L ~ 104 Lsun 
=> Life$me  
     ~ 1/103 of the Sun  

        ~ 1010 yr (100億年)/103 

     ~ 107 yr (1000万年)
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More massive stars 
have shorter life$me



1a. H-burning  (pp chain)

Note the similarity between the expressions for the nuclear energy generation rate (6.37) and the
equation for composition changes (6.41), both of which are proportional to ri j. Using eq. (6.35) for
the energy released per gram, we can write the reaction rate as

ri j =
εi j

qi j(Ai + Aj)
ρ

mu
. (6.42)

If we substitute this expression into eq. (6.41) the factor ρ/mu drops out. We obtain a useful expression
in simple cases where only one reaction occurs, or a reaction chain in which one reaction determines
the overall rate. An example is the fusion of 4 1H into 4He, which is the net result of a chain of
reactions (see Sec. 6.4.1). In that case you may verify that (6.41) and (6.42) reduce to

dY
dt
= −

dX
dt
=
εH

qH
, (6.43)

where εH is the energy generation rate by the complete chain of H-burning reactions, and qH is amount
of energy produced by converting 1 gram of 1H into 4He.

6.4 The main nuclear burning cycles

In principle, many different nuclear reactions can occur simultaneously in a stellar interior. If one is
interested in following the detailed isotopic abundances produced by all these reactions, or if structural
changes occur on a very short timescale, a large network of reactions has to be calculated (as implied
by eq. 6.41). However, for the calculation of the structure and evolution of a star usually a much
simpler procedure is sufficient, for the following reasons:

• The very strong dependence of nuclear reaction rates on the temperature, combined with the
sensitivity to the Coulomb barrier Z1Z2, implies that nuclear fusions of different possible fuels
– hydrogen, helium, carbon, etc. – are well separated by substantial temperature differences.
The evolution of a star therefore proceeds through several distinct nuclear burning cycles.

• For each nuclear burning cycle, only a handful of reactions contribute significantly to energy
production and/or cause major changes to the overall composition.

• In a chain of subsequent reactions, often one reaction is by far the slowest and determines the
rate of the whole chain. Then only the rate of this bottleneck reaction needs to be taken into
account.

6.4.1 Hydrogen burning

The net result of hydrogen burning is the fusion of four 1H nuclei into a 4He nucleus,

4 1H→ 4He + 2 e+ + 2 ν . (6.44)

You may verify using Sec. 6.1.1 that the total energy release is 26.734MeV. In order to create a 4He
nucleus two protons have to be converted into neutrons. Therefore two neutrinos are released by weak
interactions (p→ n+ e+ + ν), which escape without interacting with the stellar matter. It is customary
not to include the neutrino energies into the overall energy release Q, but to take into account only
the energy that is used to heat the stellar gas. This includes energy released in the form of γ-rays
(including the γ-rays resulting from pair annihilation after e+ emission) and in the form of kinetic
energies of the resulting nuclei. The effective Q-value of hydrogen burning is therefore somewhat
smaller than 26.734MeV and depends on the reaction in which the neutrinos are emitted.
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Since a simultaneous reaction between four protons is extremely unlikely, a chain of reactions is
always necessary for hydrogen burning. This can take place in two distinct ways: either direct fusion
of protons via the p-p chain, or by using already present CNO-nuclei as catalysts in the CNO cycle.
Hydrogen burning in stars takes place at temperatures ranging between 8 × 106 K and 5.0 × 107 K,
depending on stellar mass and evolution stage.

The p-p chains

The first reaction is the so-called p-p reaction:
1H + 1H→ 2H + e+ + ν or p + p→ D + e+ + ν . (6.45)

This involves the simultaneous β-decay of one of the protons during the strong nuclear interaction.
This is very unlikely and the p-p reaction therefore has an extremely small cross-section, about 10−20
times that of a typical reaction involving only strong interactions. The reaction rate cannot be mea-
sured in the laboratory and is only known from theory.

After some deuterium is produced, it rapidly reacts with another proton to from 3He. Subse-
quently three different branches are possible to complete the chain towards 4He:

1H + 1H→ 2H + e+ + ν
2H + 1H→ 3He + γ

!
!

!
!!"

#
#

#
##$

3He + 3He→ 4He + 2 1H

pp1

3He + 4He→ 7Be + γ
!

!
!

!!"

#
#

#
##$

7Be + e− → 7Li + ν
7Li + 1H→ 4He + 4He

pp2

7Be + 1H→ 8B + γ
8B→ 8Be + e+ + ν
8Be→ 4He + 4He

pp3 (6.46)

The pp1 branch requires two 3He nuclei, so the first two reactions in the chain have to take place
twice. The alternative pp2 and pp3 branches require only one 3He nucleus and an already existing 4He
nucleus (either present primordially, or produced previously by hydrogen burning). The resulting 7Be
nucleus can either capture an electron or fuse with another proton, giving rise to the second branching
into pp2 and pp3. Three of the reactions in the chains are accompanied by neutrino emission, and the
(average) neutrino energy is different in each case: 〈Eν〉 = 0.265MeV for the p-p reaction, 0.814MeV
for electron capture of 7Be and 6.71MeV for the β-decay of 8B. Therefore the total energy release
QH for the production of one 4He nucleus is different for each chain: 26.20MeV (pp1), 25.66MeV
(pp2) and only 19.76MeV for pp3.

The relative frequency of the three chains depends on temperature and chemical composition.
Because the 3He + 4He reaction is slightly more sensitive to temperature than the 3He + 3He reaction
(it has a somewhat higher reduced mass and larger τ, eq. 6.25), the pp1 chain dominates over the other
two at relatively low temperature (T7 ∼< 1.5). The pp1 chain is the main energy-producing reaction
chain in the Sun. At increasing T , first the pp2 chain and then the pp3 chain become increasingly
important.
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Since a simultaneous reaction between four protons is extremely unlikely, a chain of reactions is
always necessary for hydrogen burning. This can take place in two distinct ways: either direct fusion
of protons via the p-p chain, or by using already present CNO-nuclei as catalysts in the CNO cycle.
Hydrogen burning in stars takes place at temperatures ranging between 8 × 106 K and 5.0 × 107 K,
depending on stellar mass and evolution stage.

The p-p chains

The first reaction is the so-called p-p reaction:
1H + 1H→ 2H + e+ + ν or p + p→ D + e+ + ν . (6.45)

This involves the simultaneous β-decay of one of the protons during the strong nuclear interaction.
This is very unlikely and the p-p reaction therefore has an extremely small cross-section, about 10−20
times that of a typical reaction involving only strong interactions. The reaction rate cannot be mea-
sured in the laboratory and is only known from theory.

After some deuterium is produced, it rapidly reacts with another proton to from 3He. Subse-
quently three different branches are possible to complete the chain towards 4He:

1H + 1H→ 2H + e+ + ν
2H + 1H→ 3He + γ
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#
#

#
##$

3He + 3He→ 4He + 2 1H

pp1

3He + 4He→ 7Be + γ
!

!
!

!!"

#
#

#
##$

7Be + e− → 7Li + ν
7Li + 1H→ 4He + 4He

pp2

7Be + 1H→ 8B + γ
8B→ 8Be + e+ + ν
8Be→ 4He + 4He

pp3 (6.46)

The pp1 branch requires two 3He nuclei, so the first two reactions in the chain have to take place
twice. The alternative pp2 and pp3 branches require only one 3He nucleus and an already existing 4He
nucleus (either present primordially, or produced previously by hydrogen burning). The resulting 7Be
nucleus can either capture an electron or fuse with another proton, giving rise to the second branching
into pp2 and pp3. Three of the reactions in the chains are accompanied by neutrino emission, and the
(average) neutrino energy is different in each case: 〈Eν〉 = 0.265MeV for the p-p reaction, 0.814MeV
for electron capture of 7Be and 6.71MeV for the β-decay of 8B. Therefore the total energy release
QH for the production of one 4He nucleus is different for each chain: 26.20MeV (pp1), 25.66MeV
(pp2) and only 19.76MeV for pp3.

The relative frequency of the three chains depends on temperature and chemical composition.
Because the 3He + 4He reaction is slightly more sensitive to temperature than the 3He + 3He reaction
(it has a somewhat higher reduced mass and larger τ, eq. 6.25), the pp1 chain dominates over the other
two at relatively low temperature (T7 ∼< 1.5). The pp1 chain is the main energy-producing reaction
chain in the Sun. At increasing T , first the pp2 chain and then the pp3 chain become increasingly
important.
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1b. H burning (CNO cycle)

At low temperatures (T < 8 × 106 K) the rates of all reactions should be calculated separately to
obtain the energy generation rate and the changes in abundances. In particular, the 3He+ 3He reaction
is quite slow and a substantial abundance of 3He can accumulate before further reactions occur. For
T ∼> 8 × 106 K all reactions in the chain are fast enough that they reach a steady state, where once a
D nucleus is produced by the first, very slow reaction, all successive reactions proceed very quickly
until 4He is formed. The nuclear lifetimes (eq. 6.39) of the intermediate nuclei D, 3He, 7Li, etc,
are very short compared to the overall nuclear timescale, and their abundances are very small. The
overall rate of the whole reaction chain is then set by the rate of the bottleneck p-p reaction, rpp. In
this steady-state or ‘equilibrium’ situation the rate of each subsequent reaction adapts itself to the pp
rate.1 The energy generation rate (given by the sum of energies released by each reaction, eq. 6.37)
can then be expressed in a single term of the form (6.33), i.e. εnuc = QHrpp/ρ where QH is the total
energy released in the whole chain (6.44). The above expression applies to the pp2 and pp3 chains,
which each require one p-p reaction to complete. For the pp1 chain two p-p reactions are needed and
therefore in that case εnuc = 1

2QHrpp/ρ. Expressing rpp in terms of the cross section factor 〈συ〉pp and
the hydrogen abundance X, we can compute the energy generation rate for hydrogen burning by the
combination of pp chains as

εpp = ψ qHX2
ρ

mu
〈συ〉pp, (6.47)

where qH = QH/4mu is the total energy release per gram of hydrogen burning and ψ is a factor be-
tween 1 (for the pp1 chain) and 2 (for the pp2 and pp3 chains), depending on the relative frequency of
the chains. Both ψ and qH therefore depend on the temperature, because the three chains have differ-
ent neutrino losses. The overall temperature dependence of εpp is dominated by the T -dependence of
〈συ〉pp and is shown in Fig. 6.5. The pp chain is the least temperature-sensitive of all nuclear burning
cycles with a power-law exponent ν (eq. 6.30) varying between about 6 at T6 ≈ 5 and 3.5 at T6 ≈ 20.

The CNO cycle

If some C, N, and O is already present in the gas out of which a star forms, and if the temperature
is sufficiently high, hydrogen fusion can take place via the so-called CNO cycle. This is a cyclical
sequence of reactions that typically starts with a proton capture by a 12C nucleus, as follows:

12C + 1H→ 13N + γ
13N→ 13C + e+ + ν

13C + 1H→ 14N + γ
14N + 1H→ 15O + γ

15O→ 15N + e+ + ν
15N + 1H→ 12C + 4He

!

→ 16O + γ
16O + 1H→ 17F + γ

17F→ 17O + e+ + ν
17O + 1H→ 14N + 4He

"

(6.48)
1For example, if we denote by rpD the rate of 2H + 1H, one has rpD = rpp, etc. Note that describing the p-p reaction as

‘slow’ and the 2H + 1H as ‘fast’ refers to the difference in cross-section factors 〈συ〉 and not to the number of reactions per
second r given by eq. (6.8).
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